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GEVREY CLASS SMOOTHING EFFECT FOR THE PRANDTL
EQUATION*

WEI-XI LIf, DI WU, AND CHAO-JIANG XU$

Abstract. It is well known that the Prandtl boundary layer equation is unstable for general ini-
tial data, and is well-posed in Sobolev space for monotonic initial data. Recently, under the Oleinik’s
monotonicity assumption for the initial datum, R. Alexandre, Y. Wang, C.-J. Xu, and T. Yang
[J. Amer. Math. Soc., 28 (2015) pp. 745-784] recovered the local well-posedness of the Cauchy
problem in Sobolev space by virtue of an energy method (see also N. Masmoudi and T. K. Wong
[Comm. Pure Appl. Math., 68 (2015), pp. 1683-1741.]). In this work, we study the Gevrey smooth-
ing effects of the local solution obtained in R. Alexandre, Y. Wang, C.-J. Xu, and T. Yang [J. Amer.
Math. Soc., 28 (2015) pp. 745-784]. We prove that the Sobolev’s class solution belongs to some
Gevrey class with respect to tangential variables at any positive time.
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1. Introduction. In this work, we study the regularity of solutions to the
Prandtl equation which is the foundation of the boundary layer theory introduced
by Prandtl in 1904 [24]. The inviscid limit of an incompressible viscous flow with the
nonslip boundary condition is still a challenging problem of mathematical analysis due
to the appearance of a boundary layer, where the tangential velocity adjusts rapidly
from nonzero at the area far away from the boundary to zero on the boundary. The
Prandtl equation describes the behavior of the flow near the boundary as the viscosity
is very small, and it reads

Up + Uy + VUy +Pp = Uyy, t>0, R, y>0,
Uz + vy = 0,

U|y=0 = U|y=0 = 07 ygg}oou = U(t,ﬁﬁ),

uli=0 = uo(z,y),

where u(t,z,y) and v(t,z,y) represent the tangential and normal velocities of the
boundary layer, with y being the scaled normal variable to the boundary, while U (¢, x)
and p(t,z) are the values on the boundary of the tangential velocity and pressure of
the outflow satisfying the Bernoulli law
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Because of the degeneracy in the tangential variable, the well-posedness theories and
the justification of the Prandtl’s boundary layer theory remain as the challenging
problems in the mathematical theory of fluid mechanics. Up to now, there are only
a few rigorous mathematical results (see [4, 13, 14, 15, 22] and references therein).
Under a monotonic assumption on the tangential velocity of the outflow, Oleinik was
the first to obtain the local existence of classical solutions for the initial boundary value
problems, and this result together with some of her works with collaborators were well
presented in the monograph [23]. In addition to Oleinik’s monotonicity assumption
on the velocity field, by imposing a so-called favorable condition on the pressure,
Xin and Zhang [26] obtained the existence of global weak solutions to the Prandtl
equation. All these well-posedness results were based on the Crocco transformation
to overcome the main difficulty caused by degeneracy and mixed type of the equation.
Just recently the well-posedness in the Sobolev space was explored by virtue of an
energy method instead of the Crocco transformation; see Alexandre et al. [1] and
Masmoudi and Wong [21]. There are very few works concerned with the Prandtl
equation without the monotonicity assumption; we refer to [2, 3, 20, 9, 25, 30] for
the works in the analytic frame, and [12, 17] for the recent works concerned with the
existence in the Gevrey class. Recall the Gevrey class, denoted by G*®,s > 1, is an
intermediate space between analytic functions and C'*° space. For a given domain 2,
the (global) Gevrey space G*(2) consists of such functions that f € C*°(Q) and that

HaafHL?(Q) < Ll al)®

for some constant L independent of «. The significant difference between Gevrey
(s > 1) and analytic (s = 1) classes is that there exist nontrivial Gevrey functions
admitting compact support.

We mention that due to the degeneracy in x, it is natural to expect Gevrey
regularity rather than analyticity for a subelliptic equation. We refer to [5, 6, 7,
8] for the link between subellipticity and Gevrey reguality. In this paper we first
study the intrinsic subelliptic structure due to the monotonicity condition, and then
deduce, based on the subelliptic estimate, the Gevrey smoothing effect; that is, given
a monotonic initial data belonging to some Sobolev space, the solution will lie in
some Gevrey class at positive time, just like the heat equation. It is different from
the Gevrey propagation property obtained in the aforementioned works, where the
initial data are supposed to be of some Gevrey class, for instance G7/* in [12], and
the well-posedness is obtained in the same Gevrey space.

Now we state our main result. Without loss of generality, we only consider here
the case of a uniform outflow U = 1, and the conclusion will still hold for Gevrey class
outflow U. We mention that the Gevrey regularity for outflow U is well-developed
(see [18] for instance). For the uniform outflow, we get the constant pressure p due
to the Bernoulli law. Then the Prandtl equation can be rewritten as

Uy + uly + vuy — Uy, =0,  (t,z,y) €0, T[xR3,
Uy + vy = 0,

Uly=o = V|y=0 =0, lim uw=1
‘yO |y0 i ere )

(1.1)

u‘t:() - UO(JT,y) .

The main result concerned with the Gevrey class regularity can be stated as
follows.

THEOREM 1.1. Let u(t,x,y) be a classical local in time solution to Prandtl equa-
tion (1.1) on [0, T] with the properties subsequently listed below:
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(i) There exist two constants C,. > 1,0 > 1/2 such that for any (t,z,y) € [0, T] xR,

(1.2)

CoMy) 7 < oyult,z,y) <Culy) 7, )
|02u(t, z, y)| + |O3u(t,z, y)| < Culy)™ 7,

where (y) = (14 [y[*)'/2.
(ii) There exists ¢ > 0,Cy > 0 and integer No > 7 such that

(1.3) Hezcyaw“HLw([o,T]; HNor2)) T Hezcyaﬂvay“HLZ([O,T]; HYo(R2)) S Co-

Then for any 0 < Ty < T, there exists a constant L, such that for any 0 <t <Tj,

(1.4)

< ¢=3(m=No—1) m (m!)3(1+0) 7

Vom>14+ Ny, Heayainu(t)ﬂmmi) <

where 0 < ¢ < ¢. The constant L depends only on Cy,T1,Cy,c, ¢, and o. Therefore,
the solution u belongs to the Geuvrey class of index 3(1 + o) with respect to © € R for
any 0 <t <Tj.

Remark 1.2.

(1)

The solution described in the above theorem exists; for instance, suppose that
the initial data ug can be written as

uo(z,y) = uy(y) + to(z,y),

where ug is a functlon of y but independent of x such that C~1 (y)™7 <
dyui(y) < C(y)~ 7 for some constant C > 1, and o is a small perturbation

such that its weighted Sobolev norm He2cyuOHH2No+7(R2) is suitably small.
+

Then using the arguments in [1], we can obtain the desired solution with the
properties listed in Theorem 1.1 fulfilled. Precisely, the solution u(t, z,y) is
a perturbation of a shear flow u®(¢,y) such that property (i) in the above
theorem holds for u, and moreover €2 (u — u®) € L* ([0,T]; HNoT1(R%)).
Moreover following the analysis in [21] with some modifications, we can also
obtain more general solutions with exponential decay rather than perturbative
solutions around monotonic shear flows.

The well-posedness problem of Prandtl’s equation depends crucially on the
choice of the underlying function spaces, especially on the regularity in the
tangential variable z. If the initial datum is analytic in x, then the local in
time solution exists(c.f. [20, 25, 30]), but the Cauchy problem is ill-posed
in Sobolev space for linear and nonlinear Prandtl equations (cf. [10, 11]).
Indeed, the main mathematical difficulty is the lack of control the z deriva-
tives. For example, v in (1.1) could be written as fo ug(y")dy’ by the
divergence-free condition, and here we lose one derivatives in z-regularity.
The degeneracy can’t be balanced directly by any horizontal diffusion term,
so that the standard energy estimates do not apply to establish the existence
of local solution. But the results in our main Theorem 1.1 shows that the loss
of derivative in the tangential variable x can be partially compensated for via
the monotonicity condition.

Under the hypothesis (1.2), (1.1) is a nonlinear hypoelliptical equation of
Hormander type with a gain of regularity of order % in the x variable (see
Proposition 2.4), so that any C? solution is locally C*° (see [27, 28, 29]);
for the corresponding linear operator, [8] obtained the regularity in the local
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Gevrey space G3. However, in this paper we study (1.1) as a boundary layer
equation, so that the local property of solution is not of interest to the physics
application, and our goal is then to study the global estimates in Gevrey class.
In view of (1.2) we see u, decays polynomially at infinity, so we only have
a weighted subelliptic estimate (see Proposition 2.4). This explains why the
Gevrey index, which is 3(1 + o), depends also on the decay index o in (1.2).

(4) Finally, the estimate (1.4) gives an explicit Gevrey norm of solutions for the
Cauchy problem with respect to ¢ > 0 when the initial datum is only in some
finite order Sobolev space. Since the Gevrey class is an intermediate space
between analytic space and Sobolev space, the qualitative study of solutions
in the Gevery class can help us to understand the Prandtl boundary layer
theory which has been justified in the analytic frame.

The approach. We end our introduction by explaining the main idea used in
the proof. It’s well known that the main difficulty for the Prandtl equation is the
degeneracy in the x variable, due to the presence of v:

v=— /Oy(azu) dy.

To overcome the degeneracy, we use the cancellation idea, introduced by Masmoudi
and Wong [21], to perform the estimates on the new function and, moreover, on the
original velocity function u. Precisely, observe

Up + Uy + Vly — Uyy = 0,
and, with w = dyu,

Wy + UWy + VWy — Wyy = 0.

In order to eliminate the v term on the left sides of the above two equations, we
use the monotonicity condition dyu = w > 0 and thus multiply the second equation

by —82)‘”, and then add the resulting equation to the first one; this gives, denoting
f =w - ayTwua

ft +u0z f — Oyy f = terms of lower order.
Our main observation for the new equation is the intrinsic subelliptic structure due

to the monotonicity condition. Indeed, denoting Xo = 0; + ud, and X; = 9, we can
rewrite the above equation as Hoérmander type:

(Xo + XfX1>f = terms of lower order,
and, moreover, direct computation shows
(1.5) (X1, Xo] = (Oyu) 0,.

Thus Hérmander’s bracket condition will be fulfilled, provided by dyu > 0, and con-
sequently the following subelliptic estimate holds:

Vwe CRE), [[A%ul|. < | (Xo+ X5 X0 )l o + o] o
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3

22y and A = A is the Fourier multiplier of symbol

with K a compact subset of R

(&) with respect to @ € R. We refer to [16] for details on the general subelliptic
operator. We remark that the above subelliptic estimate is local, and as the far as the
Prandtl equation is concerned, the situation is more complicated: on one side only
the global estimate is interesting, that is, we have to consider y > 0 rather than a
compacted subset of R, on the other there are boundary and initial problems. When
y varies in the half-line y > 0 the Hérmander’s bracket condition (1.5) is no longer
true, since dyu — 0 as y — +o00. To overcome this difficulty we perform, following the
arguments used in the classical (local) subelliptic estimate with some modification, a
weighted subelliptic estimate of the following form: for any w € L? ([0, T], H*(R%)),

[0yl APl o (Ko + X0 ol o+ ol

+terms from boundary conditions,

which indicates the loss-gain phenomenon; that is, in order to gain A3 regularity
we have to loss |8yu|1/ ? weight. Similarly as far as the higher derivatives O are
concerned, we can execute an equation for

m awm a:,nu
fmzﬁxw—yﬁmu:w8y< ” ), m>1,

w

to cancel the bad term involving 07'v, and, moreover, the above weighted sublliptic
estimate still holds for this equation. Moreover, by the Hardy inequality, in order to
obtain the control of 97w and 9w, it is sufficient to perform estimates on f,, (see
section 4 for details).

Our choice of the weight function W, (see (2.2) below) is motivated by the loss-
gain estimate. Recall

(3m+48)o
. 2 2 _ .
Wi:chy(l—‘r(?)'[’nj?é)g) (1+Cy) IA%, OSKS?), mEN,y>O,

where the essential part is the factor

5 _ (3m+0)o
cy 2

1+ — As.
< * (3m+€)a>

Thus as ¢ is increased by one, we gain A3 regularity and meanwhile loss the weight

wls

()% ~ |8yu|%. Moreover,

2 _ (Bmg»l)a
cy

1 - g

( T Bm+ e)o>

is bounded from below by e~ and goes to 0 as y — 400, so we add the factor e3¢ in
the expression of W, to guarantee the strictly positive lower bound. Another factor
(1+ cy)f1 is introduced for the purpose that

2cy
2cy
% (e (1 " (3m+€)o>

Bm+0)o
— Bmibo

=0.

(1 +cy)1>

y=0
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Observe that the Prandtl equation is an initial boundary problem, and we will study
the smoothing effect. Thus it is natural to introduce a cutoff function in time:

¢£ _ ¢3(m7(N0+1))+2 _ (t(T _ t))B(mf(NoJrl))JrZ’ m>Ny+1, 0< (< 3,

m

which ensures that ¢%, f,, vanishes at the endpoints.

Now we perform the equation for G, = ¢, WE fn:

(O + udy + 00y — 03) Gy = (Oey )W fn + -+,
ayan‘y:() = 07

an|t:0 =0,

and have the energy estimate

0 ‘ /2] 4—1/2 8 o
||Gm||L°°([O,T]; L2(R2)) + HameHm([o,T]xRi) Sm H¢ Gm”LZ([O,T]xRi) +
We have to control the first term on the right-hand side, which arises from the com-
mutator between 9; and the cutoff function ¢! and is crucial to study the smoothing
effect. Here we will make use of the weighted subelliptic estimate (see section 3) to
treat this term. More details can be found in section 2.

The paper is organized as follows. In section 2 we prove Theorem 1.1, and state
some preliminary lemmas used in the proof. The other sections are occupied by the
proof of the preliminaries lemmas. Precisely, we prove in section 3 a subelliptic esti-
mate for the linearized Prandtl operator. Sections 4 and 5 are devoted to presenting
a crucial estimate for an auxilliary function and nonlinear terms. The last section is
an appendix, where the equation fulfilled by the auxilliary function is deduced.

2. Proof for the main theorem. We will prove in this section the Gevery
estimate (1.4) by induction on m. As in [21], we consider the following auxilliary
function

(2.1) Fon = 07— D% gmey — ) (81 “) , om>1,
w

Cw
where w = 9yu > 0 and u is a solution of (1.1) which satisfies the hypotheis (1.2).
We also introduce the following inductive weight,

(3m+48)o
—(Emtf)e

2 1, ¢
(22) W;;L = 620y <1 + (3771?6)0’) (1 + C’y) 1 Ag,

0<¢<3 meN, y>0,

where A% = A? is the Fourier multiplier of symbol <§>d with respect to z € R. Note

(2.3) WO > e (1+cy) ' > coe™
forO<é<e.
Since o
w2 <c2,
w

we have that , if u is smooth,

W fonll 22y < WO Wl a2y + CZ W (9) ™ 07 ull L2 g2 -

On the other hand, we have the following Poincaré-type inequality.
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LEMMA 2.1. There exist C1, él > 0 independent of m > 1,0 < £ < 3, such that

(24) | )™ WﬁlaﬂTuHLQ(Ri) +] W)™ Wéa?w”p(mi) < ClHmemeLz(Ri)'

As a result,
(2.5) AT WE fna | L2z ) < CullWin ol p2s
and
A= 0, W3 Fmsll ez y < Cr (103 Sl agary + Wikl e ) -
We will prove the above lemma in section 4 as Lemma 4.2.

Since the initial datum of (1.1) is only in the Sobolev space HNot1 we have to
introduce the following cutoff function, with respect to 0 <t < T < 1, to study the
Gevrey smoothing effect by using the hyopelliticity

(2.6) ¢t = 3= Wot )+ — (4 — 4))3(m=(No+IN+HE =y > Ny 41, 0 < £ < 3.

We will prove by induction an energy estimate for the function ¢O WY f,,,. For this pur-
pose we need the following lemma concerned with the link between ¢2, . W0 1 fim41
and ¢2, W3 f.., whose proof is postponed to section 4 as Lemmas 4.3 and 4.4.

LEMMA 2.2. There exists a constant Cs, depending only on the numbers o, ¢, and
the constant Cy in Theorem 1.1, in particular, independent of m, such that for any
m Z NO + 17

2(i=1)

2
[[&h 41 7(7)1+1fm+1HL°°([0,T]; r2r2)) T Z 054~
j=1

m+1W +1fm+1HL2( 0,T]xR2)

S 02H¢ meLOO([OT] LQ(R2 +CQZH8'7A_ 3W3fm

=~ HL%[O,T]x]Ri)’

|0pA ™ b W, +1fm+1HL2(0T] XR2)

< Colgy, W, meLoo (0.17: L2®2)) +CQZH8]A_ 3W3fm

pa HLQ([O,T}X]Ri)

+C ||82A_1¢?71W3LfmHLz([o,T]xRi)=

and

H <y>_o/2 6yA1/3Ag2W£L71meL2(R3_) < CQ||81/A mfm||L2(R2

+C?HA5 2WmmeL2(Ri)‘

Now we prove Theorem 1.1 by induction on the estimate of ¢% W2 f,,. The
induction procedure is as follows.
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Initial hypothesis of the induction. From the hypotheses (1.2) and (1.3) of
Theorem 1.1, we have first, in view of (2.1),
(2.7)

3
2c 2cy ot
0<m < No+1, He ymeLOO([O,T]; L2(R2)) + Z He yanyHH([o,T]xRi) < Co.
i=1
Hypothesis of the induction. Suppose that there exists A > Cy + 1 such that, for
some m > Ng + 1 and for any Ng + 1 < k < m, we have

(2.8) PATHWD fi € L([0,T] x R2),

20 =1
3

2
(2-9) H‘b%wlgfk”Loo([o,T]; LZ(]Ri)) + Z “8ZA_ ¢2W18fk||L2([O,T]><R§r)
j=1

< Ak—5 ((k‘ _ 5)!)3(1+a) )

Claim Ip41. We claim that (2.8) and (2.9) are also true for m + 1. As a result,
(2.8) and (2.9) hold for all £ > Ny + 1 by induction.

Completeness of the proof for Theorem 1.1. Before proving the above Claim I, 1,
we remark that Theorem 1.1 is just its immediate consequence. Indeed, induction pro-
cesses imply that for any m > 1 4+ Ny, we have for any 0 <t < T,

W fn ()| 2y < A™ 2 (m = 57 <A™ (ml)*

then with (2.2), (2.3), (2.4), and (2.6), we get

VOo<t<Ti<T<1,

D [ ) < (0 =T W Fu s

®3) )

yields, for any m > Ny + 1,

VOo<t<Ty<T<1,

N[ ) < (T = T30 A 040

< (T =Ty) ™A™ (m1)>F)
As a result, Theorem 1.1 follows if we take L = (T — T;) 3 A. O

Now we begin to prove Claim I, 1, and to do so it is sufficient to prove the
following.
Claim Ey, (0 < £ < 3). The following properties hold for 0 < ¢ < 3:

OINTGL W fi € L2([0,T] x RY),

2
. 20—1)
(2'10) ||¢£1W7§1fm”Lao([0)T]; Lz(Ri)) + Z Hagj;A 3 ¢£1W£Lfm“L2([O,T]><R2+)
j=1
< Am75+é ((m — 5)!)3(1+0) (m— 4)Z(l+a).
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In fact, Claim By, 3 yields 93A~'¢3 W3 f,, € L*([0,T] x R%) and

204

2
S 2(i-1)
||¢?nWr?;zfm||L°°([O7T]; L2(R%)) + Z ||83J;A 8 ¢§nW31fm”L2([O,T]><R3_)
=1

< Am75+% ((m — 5)!)3(1+0) (m — 4)3(1+a)
= AP [((m 4 1) - 5)1°CT,

which, along with Lemma 2.2, yields 93A~'¢9, ;W) | fmq1 € L*([0,T] x R%) and

2

S 2(—-1)
||¢9n+1W3L+1fm+1||Loo([o,:r]; L2(R2)) +Z [0y A™ = 9n+1W191+1fm+1||L2([0,T]xR‘i)
j=1

< CoA™ 3 [(m+ 1) — 5)1]P0F7

recalling Cs is a constant depending only on the numbers o, ¢, and the constants
Cy, Cy in Theorem 1.1. As a result, if we choose A in such a way that

AY? > Oy,

then we see (2.9) is also valid for k¥ = m + 1. Thus the desired Claim I, ; follows.

Proof of the Claim E,, . The rest of this section is devoted to proving Claim Ey, ¢
holds for all 0 < ¢ < 3, supposing the inductive hypotheses (2.8) and (2.9) hold.

We will prove Claim E;, , by iteration on 0 < ¢ < 3. Obviously Claim Ey, o
holds, due to the hypothesis of induction (2.8) and (2.9) with k = m. Now supposing
Claim Ep,; holds for all 0 <¢ < ¢ —1,ie., forall 0 <i <¢—1, we have

PN W, f € L2(0,T] X R2),
2
iy jA—2U=D g
(211) ||¢mefm||Loo([oﬁT]; LZ(Ri)) + Z Hag]/A 8 ¢memeL2([O,T]><R3r)
j=1
< g5+ ((m — 5)1)3(1+<r) (m — 4)i1+o),

we will prove in the remaining part Claim Ey;, ; also holds. To do so, we first introduce
the mollifier AgQ = Agj which is the Fourier multiplier with the symbol ((55}72,

0 < 6 < 1, and then consider the function F = A;2¢f, W/, f,,. Under the inductive
assumption (2.11), we see F is a classical solution to the following problem (see the
detail computation in section 6 and (6.1) fulfilled by fy,):

(at + Uax + ’Uay — 8,3) F= Zm,f,ﬁ»
(2.12) OyF[,_, =0,
F‘t:O =0,

where

(213)  Zpus = A2 WE 2,
+ A7 (0005, Wh fn + [0 + 00, — 02, A520L, W] fm
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with Z,, given in the appendix (see section 6), that is,

Zn= =3 (") O s - 5 (") @0)@u-)

Jj=1 Jj=1

o ()55 om0 ()]

Jj=1

The initial value and boundary value in (2.12) are taken in the sense of a trace in Sob-
olev space, due to the induction hypothesis (2.9) and the facts that 9y A5 2%, finly—0 =
0 (see (6.5) in the appendix) and

—(8m+i)o/2
2
ay <620y (1 + (Cy> 1+ cy)_1>

=0.
3m +i)o

y=0

We will prove an energy estimate for (2.12). For this purpose, let ¢ € [0, 7], and take
the L? ([0,¢] x R%) inner product with F' on both sides of the first equation in (2.12);
this gives
2
€ ((615 +u0; + Uay - 8y) F, F)Lz([o,t]x]Ri) =Re (Zm,é,éa F)LQ([O,t]x]Ri) .

Moreover observing the initial boundary conditions in (2.12) and the facts that u|y=o =
V|y=0 = 0 and Jyu + Jyv = 0, we integrate by parts to obtain

1 t
e (O +udy +v0y = O}) F. F) g,y = 5lIF 0722 +/0 19y F (#)|[72 a2 dt-

Thus we infer

7

2
VFI oy 12ca2y) + 100 F 2 o1z ) < 2|(Emitss F)pa(romyne )
and thus

1712 + 10, P2

L2([0,T]xR?% )

+IGAPEI,

+|0ZA2B |2

[0,T]; L2(R%)) L2([0,T]xR2 )

< 2’(Zm,z,67 F)L2([0T]><]R2) [0,T]xR?% )

(2.14) < 2H¢1/ZZmHHL2 ([0,71xR%) H(/I) 1/2FHL2 ([0,T]xR2 ) + ||82A_2/3F||L2([0 T)xR%)’

In order to treat the first term on the right-hand side, we need the following proposi-
tion, whose proof is postponed to section 5.

PROPOSITION 2.3. Under the induction hypothesis (2.7)~(2.9) and (2.11), there
exists a constant Cs such that, using the notation F = A(;_Zd)an,fom and f =
QY ENGE AW fy with ¢ defined in (2.6),

1/2
||¢ / Zmt 5HL2 ([0,71xR2)
2
< ngH¢ Y FHL2 ([0,71xR% +C3||8yFHL2([0,T]><Ri)

(2.15) +C3A™ 5 ((m — 5).)3<1+f’>,
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||A_1/3(b1/22m,f*176 HLZ([&T] xR )

< mCs || AT A2 G W fon| 0,77 e

2.16)  +Csl|0, AV PAT PG Wi f +C3A™ 0 ((m - 5))* )
Y 0 m m )

||L2([07T]XR«2+
and
||A*§8y¢1/22m,€—175||L2([07T]XR?+)
< Gsll ()7 A il o mymz) + CallGAT Lo 10 rycmz )
+m Cs (A0 Wi o ) )
+||A_2/3¢—1/2ay¢fn‘1Wff1fm|‘L2([07T]XR2+)
(2.17) +C5A™ 0 ((m —5))* .

The constant Cs depends only on o, ¢, and the constant Cy, but is independent of m
and 0.

Now combining (2.15) in the above proposition with (2.14), we have

204

2
S 2061 o
||F||200([0’T]; LQ(R?#)) +ZH81J/A 3 FHL2([O,T]><]R3_)
Jj=1

_ 2 _ 2 1 2
< 2m03qu UQFHL?([O,T]XRi) + (203)2”¢ 1/2FHL2([O,T]><R3_) + §’|811FHL2([0,T]><R3_)

2
m—6 3(140) 2 A —2/3 172
+ (A7 (=) RN ) )

which yields, denoting by Cy = 4C3 + 1003 + 2,

2
2 S _20-1) 2
(Fa > ([0,T); L2(R2)) JrZIHaiJA ? FHL’L’([O,T]xRﬁr)
j=

<m0 Py 2 (477 (= 3)*0)

O,T]xRi
2A—2/3 2
+2||ayA F||L2([O,T]><Ri)7

or equivalently,

2
S 26—
||F||L°°([O,T]; L2(R2)) + Z Hé)g/A ’ FHLz([o,T]xRi)
j=1
1/2 —1/2 2A—2/3
<Cy (m / ||¢ / FHL’Z([O,T]XM) + HayA / F||L2([0,T]><]R’j’r)>
(2.18) +24™76 ((m — 5)1)>0F9)

It remains to treat the right terms on the right-hand side. To do so we need to study
the subellipticity of the linearized Prandtl equation:

(2.19) Pf=0uf +udof +v0,f —0of =h, (t,x,y)€]0,T[xR7,
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where u,v is the solution of Prandtl’s equation (1.1) satisfying the conditions (1.2)
and (1.3). Then we have the following.

PROPOSITION 2.4. Let h,g € L?*([0,T] x R2) be given such that dyh,d,9 €
L2([0,T] x R3). Suppose that f € L* ([0,T]; H*(R?%)) with 85 f € L*([0,T] x R%)
is a classical solution to (2.19) with the following initial and boundary conditions:

(2.20) f0,2,y) = f(T,2,y) =0, (x,y) €RT,

and

ayf(tvxa 0) = 07 8tf(t7xa O) = (aif) (tvxvo) + g(t; :E,O),
(2.21) (t,x) €]0, T[xR

Then for any € > 0 there exists a constant C., depending only on €,0, and the
constants C, such that

H< ) i Al/BfHL2 ([0,T]xR%) + H82 1/SfHL2 ([0,T]xR%)
< el|A-230,h])

([0,T]xR2)
Ce (1820 o zpnzy + 190 o sy + 11l s )
(222) +Ce (|10) 2 A oo zpens) + 007 A7 2000 a0 7103 ) -
Moreover,
||62 2/3fHL2([OT]><]R)

< (1 )" A oy + IA00h o

+ ||y f”Lz([o T)xR2) T HfHLQ([O T]xR?) )

)

where C is a constant depending only on o,c, and Cy,Cy in Theorem 1.1.

We will prove this proposition in section 3. This subellipitic estimate gives a gain of
regularity of order % with respect to the x variable, so it is sufficient to repeat the
same procedure 3 times to get 1 order of regularity.

Continuation of the proof of the Claim Ey, ¢ .
We now use the above subellipticity for the function f = f, with f defined in
Proposition 2.3, i.e.,

f _ ¢1/2A5_2¢fr?1W£;1fm _ Agz¢3(m7N07l)+Z7%ny;1fm~
Similarly to (2.12), we see f is a classical solution to the following problem:

(8,5?—1;6 + 00y — 02) f = "2 Zm 1.5+ (0:0'/2) A 2L AWE frn,
Oy f
Flizo f|t =0,

where Z,, _1,5 is defined in (2.13). The initial value and boundary value in (2.12) are
taken in the sense of a trace in Sobolev space. The validity of Claim Ey, ¢—1 due to
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the inductive assumption (2.11) yields that 83 f € L? ([0,T] x R ) . Next we calculate
(O:f — 8§f)‘y:0. First we have, seeing (6.6) in the appendix,

Oyw
(6tfm - a;fm) |y=0 = -2 [81/ (Z’)] fm‘y:O.
Then
atf‘y:():Ag2 (at¢3(m_N0_1)+£_%) W,ﬁl_lfm’y:0+A52¢3(m—N0—1)+€—7wé 1atfm’

=57 (0% N TR W f | ARG

9)
2A52¢3(m_N0_1)+€_%W£1_1 |:ay< yw)} fm‘
w y=0
_ m—Noy— _1 _
=A52(8t¢3( No—1)+¢ 2>A(€ 1)/3fm’y:0

AR

_ e No— 1 (e— Oyw
oty fp, (8] 4 |

y=0

This, along with the fact that

A5_2¢3(m7N071)+57%Wff;la@%‘ﬂnb:o
_ 92A—23(m—No—1)+£— 5 y5£—1 _[H2 -1 3(m—No—1)+(—3%
= DA PH N DR | = [0y, Wi ARG e s )

262 1
_ 2f 2| A—23(m—N 1+£7q51 3
_8y ’y0_<(3m +/¢ —1)0+3C> 5¢( Y PA )/f"y:O

due to the fact that 9,A; 2 f,]y—0 = 0 (see (6.5) in the appendix), gives
(0cf = 95) |,
_ A < ¢3(m No—1)+£— %)AZ I/Sfm

¢3(m No— 1)+€—§A(Z 1)/3fm}
Bm+Ll—1)0 € — 1o )

_2A52¢3(m_N0—1)+e—7A (€-1)/3 [8 (%)] fm‘y:o

def

= g|y:0
with
g= A(;Q (8t¢3(m—N0—1)+f—%> A(@—l)/Bfm
2c2 L
2.2 0 32 ) A2 p3(meNo—1)+l—3 A (0-1)/3
(2.23) ((3m+€_1)0—|— c> 50 3 fim

_2Ag2¢3(m—1\/0—1)+e—%A(e-1)/3 [ay (83)‘“)] Fon-

Then using Proposition 2.4 for h = ¢1/2Zm)g_175 + (8t¢1/2) A(;Q(i)fn’le;flfm and the
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above g, we have

H <y>_g/2 Al/SfHL?([O,T]XRi) + HazAil/SfHH([o,T]xRi)

< 6’|A72/382JhHL2([0,T]><R3_)

+ Ce (A0 oo rrsy * 108 oo mrzy * 1 oo s
+ C: (H (y)f% 8@!A1/6fHL2([O,T]><]R2+) + || ()" Ail/gangL%[O,T]x]Ri)) :

We claim. for any & > 0,

EHA_2/38thL2([O,T]XRi)

+Ce (HA_l/ShHLz([o,T]xR@ + HanyL2([O,T]><R3_) + Hf”Lz([O,T]lei))
+Ce (H (y) "% ayAl/EifHL?([O,T]lei) +1| w)? Ail/S@l/QHL%[O,T]XRﬁ_))
@24) <=0 ()2 A2 o sy + IOEAT | ooy )

+&m~(1+a)/2 (HFHLQ([QT}XR@ + HayFHm([o,T]xRi))

+C. ém(1+a)/2Am—5+% ((m —5))° mE-D+e)
where Cj5 is a constant depending only on o, ¢, and the constant C,, but independent
of m and 4, and C. ¢ is a constant depending only on ¢, €, g, ¢, and the constant C,, but
independent of m and J. Recall F' = Agquanf; fm- The proof of (2.24) is postponed

to the end of this section. Now combining the above inequalities and letting € be
small enough, we infer for any £ > 0,

0™ N2 sy + 1A i e

(2.25) <m0/ (HFHLZ([O,T]XM) + HayFHLz([o,T]xRi))

+C§m(1+a)/2Am75+% ((m o 5)')5 m(éfl)(lJra)'

Now we come back to estimate the terms on the right side of (2.18). To do so we
need the following technical lemma, whose proof is presented at the end of section 4.

LEMMA 2.5. Recall F = A28 Wi fr and f = ¢'V2AS2¢5 " WEL f,,. There
ezists a constant Cg, depending only on o, ¢, and the constant C, but independent of
m and 9§, such that

—1/2 2A—2/3
1672 Fll22qo.yxrz) + |105A7* 2 F | 1o o 22

< Gs (mo/2H (y)"® Al/?’fum([o,:r]xm) + ||85A_1/3f”L2([0,T]xmi))
+ Co <||¢fn_1wvf@_1fm||L2([O,T]><]R2+) + Hayd;lwfflfmHLz([oyT]XRi))
and
O3l oy

(2.26) SCGHajA_l/Sme([o,T}xRi) + 06HagA_Q/ngLz([o,T]xRi)

+Cs (Hgbfr:lw'ﬁ;lfm||L2([O,T]><]Ri) + Hayqsfnflwn{;lmeLZ([o’T]XRi)) .
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End of the proof of the Claim E,, .. We combine (2.25) and the first estimate in
Lemma 2.5, to conclude

—1/2 2A—2/3
I / F”LQ([O,TlxRi) + HayA / FHH([O,T]xRi)

< ECem™'/? (HF||L2([ )+ HayFHL?([

O,T]xRi_))
+C6CemH A 5H5 (m — 5)1)* m(E-D+)
+C6 (||¢fn_1W£L_1fmHL%[O,T]xRi) + Hay(bf’?lw’i—lfmHL?([O,T]xRi))

S éC’gm_l/Q (

2
0,T)xR%

HFHL2([O,T]><R3_) + HayFHl/z([(],T]XRi))
+ (C(;Cg + Cﬁ) m%+UAm*5+“T1 ((m _ 5)!)3(1+a) (m N 4)(@71)(1+0)’

the last inequality using (2.11). This along with (2.18) yields

2
S 2(—1)
HF”LOO([O,T]; L2(R2)) + Z ||8§A E F||L2([0,T]x1R2+)

j=1
< &CaCs (HFHLz([o,T]xRi) T ||8yFHL2([o,T]xR1)>
+C4 (C6C: + Cg) mi o Am=5+5" ((m — 5))30F) (i — 4) (=D (040
+2A™7 ((m — 5))*F)
Consequently, letting £ > 0 be small sufficiently,

2
. 2(i—1)
||F||L°°([07T]; L2(R2)) + Z H%A B FHL2([0,T]xR3)

j=1
< C7ml+aAm—5+FT1 ((m _ 5)!)3(1+0) (m B 4)(@—1)(1-‘,—0) + C7Am—6 ((m . 5)!)3(1+a)
< Cg(m _ 4)1+0Am75+% ((m _ 5)!)3(1+¢7) (m - 4)(g,1)(1+g)

+C7A™ O ((m — 5))* 7

where C7,Cys are two constants depending only on o, ¢, and the constants Cy, Cy in
Theorem 1.1, but are independent of m and §. Now we choose A such that

A > (205 +207 +1)°.

It then follows that, observing £ > 1,

2
S 2061
”F”LOO([O,T]; L2(R%)) + Z H‘%A : FHL2([O,T]><R3_)
j=1
< Am—5+§ ((m —5)))° (m — 4)@(1-&-0).
Observe that the above constant A is independent of §, and thus letting § — 0, we

see (2.11) holds for ¢ = ¢. It remains to prove that BSA_lqbanf;Lfm € L?. The above
estimate together with (2.25) gives

H <y>_a/2 A1/3f||L2([O,T]><1R3_) + ||85A71/3f||L2([0,T]><]R3_) < Cma
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with Cy,1 a constant depending on m but independent of ¢, and thus, using the last
estimate in Proposition 2.4 and (2.24),

HaSA_Q/ngH([O,T]xRi) < G2

with Cp, 2 a constant depending on m but independent of §. As a result, combining
with (2.26), we conclude

OGAT Fl| 12 0,272 ) < Cms

with Ci, 3 a constant depending on m but independent of 4. Thus letting § — 0, we

see D3N GL W frn € L*([0,T] x R3). Thus Claim Ep,  holds. This completes the

proof of Claim 11, and thus the proof of Theorem 1.1. 0
We end up this section by the following

Proof of the estimate (2.24). In the proof we use C to denote different constants
depending only on o, ¢, and the constants Cy, Cy in Theorem 1.1, but is independent
of m and 4.

(a) We first estimate |}A*1/3h||L2( , recalling

[0,T]xR2)

h= 02 21+ (002) A2 W

Using interpolation inequality gives, observing that |5‘t¢>1/ 2’ < p~1/2,

4772 (00012) M52 Wi ol o

< m 2G| (9:612) AT W e

+m /2= (/2| A ~1- 5 (5t<b1/2) A5 26 W il o
<m YA 60 W ol e

(D2 AT g RN T2 CIWETL |
<m YA W ol gy T IATAS G Wi |

the last inequality following from (2.2) which shows W2, > 1, is a decreasing sequence
of functions as 7 varies in N, and the fact that

oD < gy

Moreover, using (2.5) and the inductive assumptions (2.11) and (2.9), we compute,
observing ¢/24+1 < 3(1+ o),

m71/2HA6—2¢fg1W7t;1fm + m(e+1)/2HAflAé—zd)gn_lWSl_lfmHLQ([O’T]XRi)

HLQ(RI)
<m0 W ol oy + Com S Wt a0 1y ms)
< m—1/2 gm—5+55+ ((m — 5)!)3(1+U) (m — 4)(571)(1+0)

+Cum TR ATS (m — 6)1) )
< Cm—1/2 gm—5+55* ((m — 5)!)3(1+U) (m— 4)(471)(1+0).
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Thus we have, combining the above inequalities,
-1/3 1/2) A =2 b—17576—1
HA / (at¢ / ) A5 bm W, fm”L2([O,T]><R3_)
(2.27) < Om~V2AMHT ((m— 5)1)P ) (- 4) (D04,
Similarly, we can show that

|o,A=Y/3 (3t¢1/2) A5_2¢fi,§1W7€71fmHp([o,T]xRi)
(2.28) < Om~Y2 45T (- 5))° M) (1 — 4) D),
Using (2.16) in Proposition 2.3, we have
HA71/3¢1/2ZW,5*115HL%[O,T]X]R?‘J
<mCs|| A2 AT Hn Wi | e 0.1k
+C3 |0, AP A2l WE

+C3A™ 5 ((m — 5))*,

||L2([0,T]><R3_)

and, moreover, repeating the arguments as in (2.27) and (2.28), with 9;¢'/? replaced
by ¢71/2,

mCHl|A 36 AT W b oy
+C3||ayA71/3A52¢£;1W$71fm||L2([0,T]xRi)
< Oml/2 Am—o+ T ((m — 5)!)3(1+U) (m — 4)¢-D0+a)
and thus
1A= 262 2016|201y cm2 )
< Cml/2 Am—5+5" ((m — 5)!)3(1+a) (m — 4)(5—1)(1+U).
This along with (2.27) yields

A7 20] o zixmyy < O AT (= 5 (m — )¢,

[0,T]xR%

(b) In this step we treat HA—2/3athL2([ ) It follows from (2.28) that

0,77 x]Ri

—2/3 172\ A=2 4 b—1yp76—1

HA / Oy (at¢) / )A5 O Wi meLZ([O,T]xRi)

< Cm—1/2 gm—5+55* ((m — 5)!)3(14‘0) (m — 4)(5—1)(1-‘:-0’)_
On the other hand, by (2.17) we have, recalling f = f = ¢!/2A52¢% 1 WE L £,

—25 11/2
HA aay(b/ Zmae*1’5HL2([O,T]><Ri)
< G5l ()™ A2 Fllaqorixesy + CallOGAT* Fl| oo 2 )
—2/3 (e—1y7p70—1

+m C3 (HA / O Wi, fm”LZ([O,T]xRi))

+"A—2/3¢—1/28y¢1;;1w7€l—1fm

+C3A™ % ((m = 5)!)°,

HLZ([O,T] xR?)
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and, moreover, similarly to (2.27) and (2.28), we have
mCsy (||A_2/3¢£1_1W7i_1fmHLQ([O,T]xRi)+|‘A_2/3¢_1/28y¢frl_lwfl_1fmHL2([O,T]><]R1))
< le/QAm_5+% ((m — 5)!)3(1+<’) (m— 4)(@—1)(1"'"7)’
since ’6,5451/ 2| > 1. Combining the above three inequalities gives
2/3 -0 A1/3 24 —2/3
HA %0 hHL2 ([0,77xR2) <C (” {y) " A / f||L2([07T]XRi) + HayA / fHLz([O,T]XRi))
L Oml/2 g5+ ((m — 5)!)3(1+U) (m— 4)(5—1)(1+0).

(¢) Tt follows from the inductive assumption (2.11) that, observing ¢'/2 <1,

1
z:;) Ha?ijL2([O,T]><Ri) < Hd)fv;lwfn_lmeL?([o,T]xJRi) + ||ay¢fn_1Wr€L_1meL2([o,T}xJRi)

< Am—5+5t ((m — 5)!>3(1+U) (m — 4)(5—1)(1+0)_

Now we estimate || (y)” A=1/39, with g as defined in (2.23). It is quite

gHLz([O,T]xRi)’
similar to step (a). For instance,

|| <y>a A71/33yA(;2 (at¢3(m7N071)+€7%) A(471)/3fm
< ||A71/3¢71/2A6—2¢fn71anflayfm

Hm ([0,T]xR2)

HL?([O,T}xRi)

< O AT G WA e

C0,A 36 AW ful o)

Then, similarly to (2.27) and (2.28), we conclude
| (5)7 A1 30,A52 (B2 No- Dt A ) AU

< Cmfl/QAm*SJr% ((m — 5)!)3(1+U) (m — 4)(4*1)(1%’)_

L2([0,T]xR2)

The other terms in (2.23) can be estimated similarly, and a classical commutator
estimate (see Lemma 3.1 in the following section) will be used for treatment of the
third term in (2.23). Thus we conclude

o —_ m— -1 [ea — o
[ {w)” A 1/3angL2([O,T]><R2+) < CAMTHT ((m = 5))*0H) (m - )00,

(d) It remains to estimate || (y)~/? 69A1/6fHL2([0,T]xR3)7 and we have

H < 0/2 A1/6f||L2 [0, T]xR3)

— *0/2 1/6 A —2 (3(m—No—1)+0— L prre—1 2
= H(y Oy / A ¢( oD% W fMHLZ([o,T]xRi)

— —o Al/SA—2 3(m—No—1)+Lyy—1 - A—2 3(m—No—1)+0—1y57£—1 -
(<y> % 59 Won " fm: Oyl ™0 W f)L2([0,T]x1R2+)
< )7 8, AY A 260, Wi fin [0y A5 200 Wi fm

HL2 0T><]R2 HL2([O,T}XR3_)

< C(Ha As ‘be W, fm||L2 [0T]><]R2))

+HA ‘be W, fm”L2 ([0,7)xR2) H8 ‘be 1W[ 1meL2([O,T]><]Ri)’
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the last inequality following from the third estimate in Lemma 2.2. This, along with
the inductive assumption (2.11) implies, for any & > 0,

|| <y>_a/2 8yA1/3f||L2([o7T}xR3)

< gm—(+0)/2 (

1F 1oz * 105 F oo mpusz))

+C§_m(1+a)/2Am75+£7Tl ((m o 5)|)s m(ffl)(lJro)’

recalling F' = A(;ngf;le;Lfm.
Now combining the estimates in the above steps (a)—(d), we obtain the desired
(2.24). O

3. Subelliptic estimate. In this section we prove Proposition 2.4. First we
state the following estimates on commutators (see Lemma 3.1) which will be used
frequently. Throughout the paper we use [Ql, QQ] to denote the commutator between
two operators Q1 and )2, which is defined by

[Q1, Q2] = Q1Q2 — Q2Q1 = —[Q2, Q1].
We have

(3.1) [Q1, Q2Q3] = Q2[Q1, Q3] + [Q1, Q2] Q3.

LEMMA 3.1. Denote by [oz] the largest integer less than or equal to o > 0. For

any T € R and a € CIEITHH(R%), the space of functions such that all their derivatives
up to the order of [|T]] + 1 are continuous and bounded, there exists C > 0 such that
for suitable function f and any 0 < § < 1,

H[avATAg2]fHL2(R3_) < CHAT_lAg2fHL2(]R3_)

and
a0 A™A? flloez ) < CIATAT2 ooz -

The constant C depends only on T and ”a”c“*”“(R? )
b +

Since ATAé_2 is only a Fourier multiplier of the x variable, we can prove the above

lemma by direct calculus or pseudodifferential computation; cf. [16, 19]. In this

section, we use the above lemma with ¢ = w or a = v and 7 = —1/3,—2/3, so that

with hypothesis (1.3), the constant in Lemma 3.1 depends only on the constant Cy in

Theorem 1.1.

Proof of Proposition 2.4. Taking the operator A=2/3 on both sides of (2.19), we
see the function A~%/3 f satisfies the following equation in |0, T[ x Rﬁ_:
N+ ud A3 f 00, AR F — 92N F

3.2
(3.2) = A"2Bh + [ud, +vd,, A7*/%]F,

_9/3  A—2/3 _ —2/3 —
(3.3) A /f’tZO—A /f‘t:T_O’ Oy A /f‘yzo_o



GEVREY CLASS SMOOTHING EFFECT FOR PRANDTL EQUATION 1691

due to (2.20) and (2.21), since A=2/? is an operator acting only on the x variable.
Recall [u@z +v0y, A’Q/?’} stands for the commutator between u9, + vd, and A—2/3,
Step (1). We will show in this step that

| (@yu)"/? .M 7,

([0,T]xR2)

+||02A~

(3.4) <2 ‘Re (8tA72/3fa 8@;83:1\72/3]0) 1/3f||L2([O,T]><R3_)

L2([0,T]xR2)
+C (A1 o 21002y + 1908 2 0.21.m2) + 1o ) -

To do so, we take the L2([0, 7] x R2) inner product with the function 9,0,A~%3f €
L*([0,T] x R2) on both sides of (3.2), and then consider the real parts; this gives

_ LA f, 0,0,07%
Re <u5‘ f 3y3., f) L2([0,T]xR%)

— Re (atA_Q/Bf, 8U81A_2/3f)
e (5§A_2/3f7 ayamA_Q/Bf)

+Re (v0,A"2f, 8,0,A72/°F)

L2([0.T]xR2)
L2([0,T]><Ri)

L2([0,T] xR )

_ A—2/3 A—2/3
Re ( hs 9y0s f) L2([0,T]xR2 )

) +

We will treat the terms on both sides. For the term on the left-hand side we integrate
by parts to obtain, here we use u|y:O =0,

—Re (uaxAﬂ/gfv ayaxAﬂ/gf) L2([0,T]xR?%)
; a

_ 1 2/3 2/3
B 2{(u6A 1, 9y0u A~ f)LZ(OT]xR2)
+(0,0:072/3 1, w0 A2 )

L2([0,T]xR3)

7” aul/QaA 2/3fHL2 [0,T]xR2)"

Next we estimate the terms on the right-hand side and have, by Cauchy—Schwarz’s
inequality,

1
_ 2/3 2/3 111924 -1/3
e (AP 0,00 00) L SO
1 2
+’Hayf”L2([o,T]xR2 )’
‘Re <A “h, 0y 0z A~ 2/3f)L2(OT]xR2) ”A K 3h||L2 ([0,T]xR3)

+HanyL2([O,T]><R3_)
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and

‘—Re (uayzrm fy 0y0,A2/3 f)

L2([0,T]xR%)
. ‘(ayf, A2 )0, 0A70) —
I (Uayf, A—2/3ayaxA—2/3f)L2([o IxE?)

< C||3yf||2L2([o,T]xRi)’

the last inequality using Lemma 3.1. Finally

’—Re ( [udy + 00y, A"2/3]f, 0,0,A2/3 f)

L2([0,T)xR?)

_ 2
< (|43 [uds + 08y, A=) F][ o ey + 1905 o
<2 (|[[u0s + 00y, AN F [ )

| [wde + 00y, AMPAT FI L o 7y

g ] PR

2 2
c (Hme([o,T]xRi) + HanyLZ([o,T}xRi)) ;
These inequalities, together with (3.5), yield the desired (3.4).

Step (2). In this step we will estimate the second term on the right-hand side of
(3.4) and show that for any € > 0,

H82 1/3f||L2 [0,T]xR3%)

(36) <ell(@u)/?a,A 2/3flle<[0T]sz>
+ Ce (0010 sz + 12 oumrnzy + 1A 20l o 2152 )

with C. a constant depending on . We see that the function A~/3f satisfies the
equation in ]0,T[ x R,

QAT + (udy +v0y) ATVEF — 02NV f

3.7
&0 = A0+ [ud, +vd,, A7),

with the boundary condition
—-1/3 -1/3 —-1/3 _
(3.8) ATV =AY, =0, 9,A /f|y:0_0.

We take the L?([0, 7] x R2 ) inner product with function —8§A_1/3f € L*([0,T]xR%)
on both sides of (3.7), and then consider the real parts; this gives

4
(3.9) oA 1 e e SZ
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where

J1: Re

)

~1/3¢, 82 1/3f)

L2([0,T]xR2 )

b

[0,T]x L2([0,T] ><]R3_)

(2
J2 = |Re (ua +vd,) A"V3 3§A_1/3f)
Js = |Re (

~1/3p, 82 1/3f)

L2([0,7)xR2) |’

Ji=|Re ([ud, + vy, AV]f, 02A71/°F)

L2([0,T]xR%)

Integrating by parts and observing the condition (3.8), we see

<8tA*1/3 f, O2ATV/3 f) _ (8tayA’1/3 f, 9,A71/3 f) :

L2([0,T]xR3) L2([O,T]><]R3_)

which along with the fact

A—L/3 A3 =
e (82589 [y 9y f)Lz([o,T]xRi) :

due to (3.8), implies

Jy = ‘Re (aa1125, 020157

L2([0,T]xR2 )

About Jo, we integrate by parts again and observe the boundary conditition (3.8) to
compute

Re (“31A_1/3f7 agA_1/3f>L2([0 T]xR?)

_ 1/3 1/3
Re(ua A=V39,f, A~ yf)L2 P

—Re ((ayu)awA—l/Bf, A—1/38yf)L2([0 TIxE2)
’ +

1
=5 (@) A™Y50, 1, A7, 1)

“Re ((a WA ATV3f, A3 f)

L2([0,T]xR3%)

£2([0,T)xR2 )

This gives

Re (ud, A3 f, 920713 )

L2([0,T]xR3)
< ATY3 (Dyu) DA™ UngLz(OTsz)Ha Fllz2qo.rixez) + Clloy fliZz (10,T]xR?2)
< (|| (Oyu) A120, A_1/3f||L2<0T Ixr2) T I[ATY2, 8,u]o. A" 3f||L2([O,T]><]R2+))
X [10y fll 20,1182 ) + ClIOy FI72 g0, T]xR?)
< O (1 0w 0eh ™| 2 0 1182 + 1l o212 ))

10y fll 22 10,7 JxR2) t OHanyi?([mT]xRﬁ_)

< 1O 0N 11 s+ (100 oy 1 o)



1694 WEI-XI LI, DI WU, AND CHAO-JIANG XU

Moreover, integrating by parts, we obtain

‘Re (v8yA_1/3f, ajA—l/?’f)

L2([0,T]xR2 )

1
=3 ’ ((ayv) OyATV3f, 0N f)

L2([0,T] X2 )

< Cl0uf 120 mpxrz
Thus
Jo < €1 (0,)"2 0N 1
(3.10) + C- (Hayfﬂiz([o,ﬂxmi) + Hin"’([O,T]XRi ) :

It remains to estimate Js and Jy. Let € > 0 be an arbitrarily small number. Cauchy—
Schwarz’s inequality gives

Jy = ‘Re (A*1/3h, 8§A*1/3f>

L2([0,T]xR2 )

< &A1l o,y + CellAT PRl e qas

and for Jy, Lemma 3.1 implies

Ji = [Re ([u@m +vd,, A~3]f, agA—1/3f)

L2(R2)
~ _ 2 2 2
<& O2A A sy + O (1 s + 10 ) -

where C. is constant depending on €. Now the above two estimates for J3 and Jy,
along with (3.9)—(3.10), gives

_ 2 ~ _ 2
HaiA 1/3fHL2([O,T]><Ri) e HaiA USfHL?([O,T]xRi)

e | @) 0 AT A1 g 7

2 2
+Ce (10172 0,118 + £ 152 02752 )

_ 2 2 2
+Ce (HA 1/3h||L2(R1) + Hf||L2(R§) + Hanym(Ri)) )
and thus, letting € be sufficiently small,

- 2
185A™2 12 0,1k

<e| (ayu)l/z amA72/3f||iz([0,T]><]R2+)

+Ce (110220 mrnny + 115 gorrny + 1Al fages ) -

This is just the desired estimate (3.6).
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Combining the estimates (3.4) and (3.6), we obtain, choosing ¢ sufficiently small,

—9/3 £112 _ 2
H (8yu)1/2 DA 2/3f||L2([0,T]><Ri) + Ha;A 1/SfHL%[O,T]xR%r)

3.11) < C|Re (0,A23f, 8,0,A2/3f
(3.11) y

L2([0,T]xR3)
_ 2 2 2
+C (HA 1/3hHL2([O,T}><]Ri) + HanyLZ([o,T]xRﬁr) + Hme([o,T]x]R?F ) :

Step (3). It remains to treat the first term on the right-hand side of (3.11). In
this step we will prove that, for any ¢; > 0,

Re (0A~27f, 0,0,072/°F)

L2([0,T] xR )

T
< 81/ / ‘(8;1\_1/2]”) (t7x,0)‘2dmdt
o Jr
(3.12) + Cey [ () A’1/35y9||iz([o,mne1>

_ —o 2 —c 2
+ &1 1C (H <y> /2 Al/GfHL2([O,T]><R2+) + || <y> 2 ayAl/GfH[?([O,T]X]Ri)) ’

For this purpose we integrate by parts again and observe the boundary condition
(3.3), to compute

(00221, 0,0,072%F)

L2([0,T]xR2)

=~ (A7, 0u0,0,072%F )

L2([0,T] xR )

_ (afoz/Sf’ atﬁyAﬁ/Bf) L2([0,T] xR2)
) +

- (8y8mA_2/3 f, 9,A2/3 f)

L2([0,T]xR2)

T
+/ /(atA*Z/B’f(t,:c,o)) (8xA*2/3f(t,x,0)) dzdt,
o Jr
which, along with the fact that

2 Re (6tA*2/3 £, 9,0,A72/3 f)

L2([0,T] xR )

= (8,5A—2/3f7 ayawA—z/Bf) n (8y81A_2/3f, atA_2/3f)

L2([0,T]xR}) L2([0,T]xR2)’

yields, for any 1 > 0,

‘Re (0a7221, 0,0.07%/%F)

L2([0,T]xR2)

:% /O ! /R (00231 (2,2,0)) (A>3 (t,2,0) ) ddt

(3.13) e
== / / <A1/68tA—2/3f(t,x,0)) (A—l/ﬁaxA—Q/Sf(t,x,o)) dxdt
2 0 R

T 2 T 2
<e / / (8tA*1/2f(t,x,0)) dwdt + 1" / / (Al/ﬁf(t,x,())) dadt.
0 R 0 R
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Moreover, observing
AVof(t,0) = ()2 AYOF) (2,2,0),
it then follows from the Sobolev inequality that
‘Al/fif(t, ;z:,o)‘2 <C (H <y>—0/2 Al/GfHZw(Rn + Hay <y>_‘7/2 A1/6f||2Lz(R+)>
< O ()™ A0, + 1100200

with C a constant independent of ¢, z. And thus

/T/ (A1/6f(t,a:,0)>2da:dt
0 R

B <o (| w7 A0 [OT]XR2>+Hf’ ) A Aoy

—o 2 e 2
<C (H (v) & Al/ﬁf“m ([0,T]xE2) +[(y 2 A1/6anyL’-’([O,T]><R3_)) :
Using the fact that
DAV f(t,0) = (92072 (1,2,0) + A~ 2g(t,,0)

due to assumption (2.21), we conclude

/T/ (8tA’1/2f(t,x,O)>2dxdt
o JR
T 2 T 2
§/ /‘(3§A_1/2f) (t,x,O)‘ d:vdt—i—/ /‘A‘l/gg(tw,O) dxdt.
0o Jr 0o Jr

Moreover, observe

+o0o
A 2g0,00)] = |- [T 0 2,1
0

<( T d@)m (/ i |a

T
/ / ‘A‘l/Qg(t,%O)‘dedt < C| ()" A2
0 R

2
ngL‘Z([o,T]xRi)

9 1/2
V209(t.2.5)| dg) :
which implies

P 2
< CH (y)" A 1/381/9HL2([0,T]xJRi)’

and thus

T 2
/ 8tA‘1/2f t o)) dadt
0

%

T 9 . )
/0 /R‘ 1/2f (t,x,O)‘ d:vdtJrCH (y) A*l/?’ayg||L2([O,T]mi).
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This, along with (3.13) and (3.14), yields the desired (3.12).
Step (4). Combining (3.11) and (3.12), we have, for any ¢; > 0,

H (ay“)m awA_Q/ngiz ([0,T]xR2 y T H‘92 UBfHL"’ ([0.T]xR2 )

T
<e / / (3207727 b, 0| e+ O, | ()7 A0,y
0 R
+e 'O (H () s A1/6f||L2 [0,T]xR2) + H {y) 0/20 A1/6f||L2(0T xRY )
O (100 1% o rymrey + 17 oz + 187 2A s ) -

Moreover, we use the monotonicity condition and interpolation inequality to get, for
any €9 > 0,

. 2
H {v) & Al/GfHL2([O,T]><]R2)
o 2 o
< 52“ (y) & Al/SfHB [0,T]xR2 ) & 1“ & f”L?([o,T]xRi)
e _ - 2
< 52” (y) & O Q/BfHU ([0,T]xR%) + CEzH < > & fHL2([0,T]><1R1)

1/2 —2/3
< E2” (ayu) O A / f“L?([o,T]x]Ri) + CE2HfHL2([O,T]><]R3_)'
From the above inequalities, we infer that, choosing €5 small enough,

_ 2 _ 2
1 00 08 s sy + 101

T
(3.15)S El/o /R (92a2r) (tw,O)‘Q davdt

—0 2 o — 2
+Ce, (H ()" ayAl/ﬁme([o T)xR2) T [ {)” A 1/38?49”L2([0,T]><R2+)>

Oy (10017 go,mremzy + 1oy + 1Al ) -

Step (5). In this step we treat the first term on the right side of (3.15), and show
that, for any 0 < e < 1,

T 2
/ / ‘(6§A‘1/2f) (t,z, o)‘ dzdt
o JR
_ 2 _ 2
(3.16) SCH(ayu)l/zamA 2/3fHL2([O,T]><]R2+) + 6CHA 2/38yh||L2([0,T]><]R2+)
2 2
+Ce (HfHLQ([O,T]XlRi) + ||ayf||L2([O,T]><]R3_)) :
To do so, we integrate by parts to get
T 2
/ / |(92072727) (t,0,0)| " ddt = 2Re (9307127, 02071/2F)
0o JR
—2Re (727, O2A712f)

L2([0,T]xR% )

£2([0,T)xR2)
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This yields

[ [ ) @nof aa

€118 x—2/3 ¢[|2 - —1/3¢)
(3.17) < 5”@31\ 2/3f||L2([0,T]><R2+) +2e71|92A 1/3f||L2([0,T]x1R1)

_ 2 2
= EHGSA 2/3fHL2([0,T}><R2+) + CfHanyB([o,T]xRiy

the last inequality holding because we can use (2.21) to integrate by parts and then
obtain

_ 2 B
|o2A 1/3f||L2([07T]XR1) = (ajA 23f, 92

<lo5A”

f) L2([0,T]xR?% )

L2([0,T]xR?% )
Z/Sf”L?([O,T]x]Ri) ||ayf||L2([0,T]><R2+)'

Thus in order to prove (3.16) it suffices to estimate H@;’A_Q/SfHLQ

the equation

((0.T]xR2 )" We study

O30, f + ud AP0, f + 00, AP0, f — DA f
= A2y + [udy + 00y, A=23]0,f — A=¥3(0,u)0s f — A™2/3(0,0), f,

which implies, by taking the L? inner product with —83A‘2/3f,
30 —2/3 |2 _ —2/3 3A—2/3
HayA f“L?([o,T]xRi) = —Re (6’5/\ O f, OyA f) £2([0,7]xR2 )

—Re (uawA—Q/l%ayf+UayA—2/38yf, 8;3’A‘2/3f)L ([0,T]xR2 )
1 2([0,T]xR%

(3.19) +Re (A~/39,h, O3A 2/3f)

L2([0,T]xR%)

(a
+ Re (ua + 00y, A™ 2/3}3f 33 2/3f>
(a

L2([0,T]xR% )

~Re (A2(0,u)0,f, G302 1)

L2([0,T]xR2 )

~ Re (A*2/3(ayv)8yf, AN f)

L2([0,T)xE2)

Next we will treat the terms on the right-hand side. Observing
8tA72/38yf|y:0 —

due to (2.21), we integrate by parts to compute

B ~2/3 — 9323
Re ((%A A f, — oA f)L?([O,T]XRi)

_ 2A—2/3 20—2/3
Re <8t8yA 1, oA f)m([o,T]xRi)

:07
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the last equality holding because
2A—2/3 _ a2x-2/3 _
A f|t:0_6yA / f|t:T_
due to (2.20). Since u‘y:O then integrating by parts gives

- R O, N"2/39, f, — 93N"2/3
¢ (u uf: Y f)L?([o,T]xRi)

= — Re (u0,A*20}f, 92A%/3
(5] <U yfa Y f)LQ([OT]XR2)

B - /
Re ((&ju)@wA 2/38yfa 82 - 3f) ([)T] xR2 )

1 _ _
= (G202, A=2a2y)

— Re ((0,u)0.072/%0, f, 92A~2/*1)

L2([0,T]xR%)

L2([0,T]xR% )
1 _
< 5”81'“HL00HA Q/Bazifum([o,T]xRi)
_ _ 2 _ 2
+HA 1/3(814“)31/\ 2/3ayf||L2([o,T]xR1) + HBgA 1/3fHL2([O,T]><]R2+>'
On the other hand, using Lemma 3.1 gives
1A-1/3(a u)afoz/SanyiQ (l0.71xR2)
< 2 A0 A0, || 0 1y y T+ 20AT By, 0aAT10, 10,y
< C||8 fHL2 [0,T]xR% )"
Thus
_ —-2/3 _ 93A-2/3
Re (uawl\ 8yfa 8yA f) LQ([O,T]X]R2+>
2 _ 2
c (HanyL?([o,T]xRi) + H@iA 1/3f||L2([0,T]><]R3_)>
- _ 2 2
€ H@;’A 2/3fHL2([0,T}xR2+) + CéHanyH([o,T]ij)’
where the last inequality uses (3.18). Using (3.18) we conclude
~ Re (v0,A"0,f, —03A"2/°F)

IN

IN

L2([0,T]xR2% )
1038 11 oy + CoOA e
€ ||82A72/3f“i?([0,T}><Ri) + Cé||any2L2([o,T]xRi)‘
The Cauchy—Schwarz inequality gives, for any € > 0,

Re (A~2/39,h, — 03A~2/°F)

IN

IN

L2([0,T]xR%)

- _ 2 _ _
< €H<9§’A 2/3fHL2([0,T]xR2 1HA 2% hHL2 ([0,T]xR% )

~ Re (A™23(9,0)0,f, — A1)

L2([0,T]xR2% )

= 5”‘95/\_2/310“;([0,71]xRi) + 5_1||8y“’|2mo ||ayf’|i2([o,T]xR1)’
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and

e ([ude +v0,, A27]0,f, — IN2/1)

L2([0,T]xR?% )

Ellmsx —9/3 o112
§§||65A 2/3fHL2([0,T]xR3)
(3.20)
+ 28 1“[“8 + 00y, AT 2/3}8 fHL2 ([0.T]xR2)

g _ 2
5”83 2/3f||L2 [0,T]xRZ) + C’~||6' fHL2 [0,T1xRZ) + OE"HaSA 1/3f||L2([0,T]xRi)
<¢ H(93A 2 3fHL2 ([0,7]xR%) + Ce H@ fHLz ([0,T]xR% )

the second inequality using Lemma 3.1, with the last inequality following from (3.18).
Finally,

~ Re (A*Q/S(ayu)az f, — AT f)

L2([0,T]xR? )

. 1l A — 2
< 5||33A ? 3f||L2 ([0,T]xR2) +E7M|A 2/3((99“)81’]8”L2([0,T]xRi)

IN

ENOA oo mrmz ) + & 102 A

1” [Oyu, A” 2/3]awaL2([o,T]xRi)
< §||33A72/3f||iz([0’ﬂXRi) + C=||(Byu) 20,0723 f |12,
2
+C€~HfHL2([O,T]><Ri)'
This, along with (3.19)—(3.20), yields, for any € > 0,
loyA~

(l0,T]xR%)

([o,T]xR%)

2/3fHL2 ([0,77xR%)

< EllopAT 2 e poryxg ) + Cell @) 20uh ™ Lt 1102

+Cz (A0, a0y y 190 ooy ) + 1oz )) -
Thus letting € be small enough, we have
||63A_2/3f“2L2 ([0,7]xR%)
(3.21) < C||(9yu) /20, A~ 2/3f||L2 (0.T)xR2)
2 2
+C (HA 2/38thL2([O,T]><R2+) + ||f||L2([o,T]xR1) T Hayfup([o,:r]xﬂﬁ)) ‘

This along with (3.17) yields the desired estimate (3.16).
Step (6). Now we combine (3.15) and (3.16) to conclude, for any 0 < ¢,e1 < 1,

_ 2 2
H (8yu)1/2 O A 2/3fHL2([O,T]><]R2+) + ||5'§ 1/3f||L2([0,T]><]Ri)
<ad| (0yu)'? 81A72/3f||?’42([0,T]><]R1) + 51€C||A72/38th2L?([0,T]xRi)
+Cere (H )" 8yAl/6f”2L?([o,T]xR2+) +1 w)? A_l/gangiz([O,T]x]Ri))

+Ceri (190113 orprzy + 1 3eompeny + 1A Bl Zagus )
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which implies, choosing £; > 0 sufficiently small,

H 8 U 1/28 A~ Q/SfHL? ([0, T]XR2 + ||82 1/SfHL2 OT]XR )

< A0,k L 01y cme)
Ce (H y) " ayAl/ﬁfHLz([o,T]xRi) + [ )7 1/38719”1;2( xRi))
4 (10,1 oy + 17 oyt + 1A s
with & > 0 arbitrarily small. This, along with

) =72 A1 < CJ @) AV o,rycre

([0,7] ><]R2 )

< CH y) 70/2 awA_Q/ngm ([0,T]xR2 ) + CHfHL2 ([0,T]xE2 )

due to (1.2), implies, for any ¢ > 0,

| ()~ 72 A3 7|12, (o.rixez) + 1954 e, TIxR3)

PN -
—o _1/s 2
+C (1) 72 OO | o ey + 11907 AT 200011 011 22))

e (11013 o sy 17112 o122 +||A A ) -

This is just the first estimate in Proposition 2.4. And the second estimate follows from
(3.21) since |dyul is bounded from above by (y)~ . Thus the proof of Proposition 2.4
is complete. 0

4. Property of inductive weight functions. This section is devoted to prov-
ing Lemmas 2.1, 2.2, and 2.5, used in section 2.
Recall, for m > Ng+1and 0</£<3,y>0,0<t<T <1,

Bm+o)o
— @Bmibo

Wﬁl = eQCy <1 + (32%> (1 + Cy)_lAé, ¢fn _ ¢3(m—N0—1)+l7
m o
thus
4 4
(4.1) o, < o2,

provided Nog+1 < mo <mj and 0 < ¥y < ¥ < 3.
Next we list some inequalities for the weight W} . Observe the function

-
v — (1 + cy)
Y
is a monotonically decreasing function as « varies in the interval [1, +oo[ for y > 0.
Thus

(42) 063, W fllpee,) < Wi fll ey
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and

(43)vVo<e<i<3, |w, < NWa A 2y < Wil 2 ey

1fHL2(]R ) —
provided that m; > mgy > 1, and that 3msy + i — £ > 3ms + i. Moreover, since
Vo<a<3 Vy2>1

- -
8;‘6201’ (1 + cyy) (L4 cy) ™| < Cpe® (1 + cvy> (1+ecy)™!

with C, a constant independent of ~y, then the following estimates,
@) 10 Wiy < CUWi o

102 Wil fll e sc(\rwaf|\L2<R2 W00 | oo )

(4.5)
<|| f||L2(]R2 + ||a f”L?(]RZ ) )

1168 Wil esy < € (I sy + W0 ey W52 s
(ws) <€ (IWi ey + 10 o + 1930 )

hold for all integers m,¢ with m > 1 and 0 < ¢ < 3, where C,é are two constants
independent of m.

LEMMA 4.1. Under the assumption (1.2) and (1.3), let ¢ be the constant given
n (2.2), and AT, A} be the Fourier multiplier associate with the symbols (€)™ and
(66)™, respectively. Then there exists a constant C, such that for any m,n > 1,0 <
¢ <3, and for any 0 < ¢ < ¢, we have

(4.7) e AT AT 0 ul| o s ) < CIAT AZ W fon| 2z
and
(48) 1A A0 e 2aayy < CIAT AF W frvia| pogs

Proof. In the proof we use C' to denote different constants which are independent
of m. Observe w € L*> and w > 0, then

A AR 072 < Ol

fupmpp J 05'u ’

w

L2(R3)

On the other hand, integrating by parts we have

o0 2 gy = e (im0 ) an g O

z au omu
—— 2cy TIAT2 Jx P A2 Y2
25/}R/0 (5'ye )(A Aj - )A Aj - dydx
S Y T ey
2¢ Jr Jo w
1 e uN L O
——N// (A“A'r2 O )8 ATIAS 8“3 dydx
w

‘ AT Aﬁ@m ‘ NN, (57" )\
c w

w

\ /\

L2(R2) L2(r2)’
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which implies

T1 AT aw u c T1 AT U
HecyA 1A : HL2 RQ) S eVA A528y ( w ) )LQ(RZ
= [|[AT"APeMw W, (69” u)
w L2(R3)
< eawalATlAgz wdy <5£ u>
w L2(R3)

+ et Amap]wa, <

)]

o~ AT AT W, (3 u>‘

w

L2(R%)

Thus we have, by the above inequalities,

HeEyAﬂAgzé‘;”u||L2(R2+) <C

L2(R2)

+CH [eayw_l,ATlA?]way <8§u) ‘

L2(r2)’

On the other hand, (1.2) and (1.3) enable us to use Lemma 3.1 to obtain

~ am 87"
|[eemt, AT AR wd, ( = “) | < C|[amAwo, ( z “) |
w L2(R%) w L2(R3)
< C" eéyw_lA“A?way (a“” u) ‘ .
‘ w L2(R2)

As a result,

e AT AT 07 | o sy < €

. o
e‘yw_lATlAg"’w@y ( T u) ‘

w

L2(R)

< CHATlA”Wéfm’

L2( R2

the last inequality using the fact that f,, = w0, (a;;u> and that

B 26y —-v/2
Wl < CeY(1+y) < Ce2% (1 + >
vy

for any v > 1. This is just the desired (4.7). Now we prove (4.8). Recall v(t,z,y) =
— 5 Ozu(t,x,y')dy’. Then we have

Yy
ATAROT Y = — / AT AT O™ (g )dy
0

Therefore

JAT AP O 0l ey r2r)y < [le™ VATAT O | o s

||L2(]R+)He
< CHATIA?Wf;fqulHLz(R

the last inequality using (4.7). Thus the desired (4.8) follows and the proof of
Lemma 4.1 is complete. 0
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We prove now Lemma 2.1; recall

fmza;"w— 3mu—w8 (8 )
w

LEMMA 4.2. There exists a constant C' such that

(49) H <y>71 vama:::nuHLz(R%r) + H <y>71 Wfla;anLz(Ri) < CHW’rt;LmeLZ(Ri)
As a result, for some constant C,
HA_IWS@meHLZ(Ri) < C’HWBLmeLZ(]Ri)

and
IAT0,WE Foit ey < € (102 bl + 1Vl es) -

Proof. In the proof we use C to denote different constants which depend only on
o, ¢, and C, and are independent of m. We first prove (4.9). Observe

2cy

Bm+{l)o

—(3m+£)o/2
) (14 cy)™?

w(y) ! (1 +

> —(B8m+L)c /2

o 2cy
< C(l + y) ! <1 + m

)

) —(8m+L)o /2

o 2¢c
S CR"+1(R+y) 1 <1+WT

where R > 1 is a large number to be determined later. Thus using the notation

o) = (14 Gt R Ry,
we have
)™ W0l ey = | )™ W)
< o )t w20 “HLQ a1 W ] Y s
< CRU+1||€2cyb7}§1,éwHL2(Ri)

™ o, o) =

1
On the other hand, using Lemma 3.1

)™ W ]

oy
< R[[A A, wle QCybi,sz”LZ(Ri) < C'Rlle%ybfh

2z

(®3)-
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Combining these inequalities we conclude

m=xT

(4.10) H(y)_l wt amu‘ %5 u’

w

< CRU+1H 2('be A//3

L2R3)

L2(R2)
Moreover, observe u| y=0 = 0 and thus we have, integrating parts,

o
b AP

:// eey (bﬁe(y)) (Al/?)a u> Ae/sa dydx
R JO ’ w

- / [ ey 00 (32 ) s gy

w

et s (442

_ 4ey (LR 2 6/38 u e/3a;n
740/]1{/0 e*v (bff ,(y)) [8 (A " )}A dydx
L7 ey R 0395w s [ 9F

40/]1{{/0 e (bmé(y)) (A ” Oy A ” dydx

which, along with the estimate

10,2 )| < (c+ (0 +1)R™') bE

m, Ll
gives
||620be £A€/38 U C+(U+1)R_ H 2cbe AZ/Ba ’U/‘
™m, (R ) — 2c w L2(R3)
*H 2y A0 u‘ ‘620%1% o, (A3 %Y ’ _
2 w lr2r2) m.¢ w L2(R?)
Now we choose R =1+ 2(c + 1)c™!, which gives R > 1 and
(G+ DR <2,
Then we deduce, from the above inequalities,
H 2y A0 u‘ < 2Hezcyb3 oA (%28 ‘ _
w llL2®2) ~ c ™.t w L2(R2)

Moreover, observe R > ¢~! + 1 and the monotonicity assumption w > C;1(1+1y)7°,
and thus

2cy
Bm+ o
) —(3m+L€)c/2

—(3m+L)o /2
bR, < el 4y) (L4 ) (1 ; )

_ 2cy
S CC*w(l +Cy) 1 (1 + m

0 (22)

As a result, we obtain

H QCbe A@/Ba u‘
L2(RY)

w

)
L2(RY)
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which along with (4.10) gives

) whor

L2(R2)
< CHwWZ ( )
L2(R?)
87”

<o, (%) g, * el 0 () Ly
L2(R?) w L2(R3%)

. . 2cy 2y (Bm+L)o/2 1

Using the notation p,, ¢(y) = e (1 + (3m+£)a) (I+ecy) ™,

oru oTu
, WZ ) T — H , A€/3 m ) T
[l w202, (2], = Nl A%omatir0y (2],

[l A 7 e, ()

w L2(R3)
< 0] )" puewp, (2
S Yy Pm,e\Y )0y w L2(82)
am
< C||pm Oy
< Clpnctwn (55 ),
< C||Wtwd, (8 ) .
w L2(R3)
Then, combining these inequalities we conclude,
)7 WhRul s, < CWho, ()] = Wil
o e ) CONTw ) ey T Il

For the other terms in (4.9), we have
1) ™ W] o e
< | wy fm!|L2<Rz> {1 )™ Wi (@) /) 0w 2 s
<[~ Wy meL2(]R2) + H( yw)/w) (y)~ WTl;la;nuHLz(Ri)
+ H[ (By) /w0, W] ()™ 07| o e
< 4™ WonFmll ez y + Cll )™ Wil e
< CW Pl 2 ey
Thus the desired estimate (4.9) follows. As a result, we have
IAT W8 Frnsllpagazy < A W00 il g, + 1A W0 [0 (B fe0) |0 e
< Wi fonll o ey 100~ Wi ] o e SCIWR | oz -
Similarly, we can deduce that, using (4.4),

820, W8 fr e, < COMWE il ey + Wi

Thus the proof of Lemma 4.2 is complete. 0
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We prove now the Lemma 2.2 by the following 2 lemmas.

LEMMA 4.3. There exists a constant C' such that, for any m > 1 and 1 <€ <3,

)" A AW ol < CIOAT Wl e

—2177€
OISl e
Proof. We can write
5 _ (3'm.+2[71)a
Al/SA—2W£—1 _ p2cy 1 cy
g m ¢ i Bm+L—-1)o ’
1AL, _
(14 cy) TASAS? = ame(y)A; Wy,
where
9 _ (3m+e—1)o 5 (3m+£)o
cy 2 cy 2
m =1+ —F"—— 14 ————
am.e(y) ( + (3m+€1)0> ( + Bm+ )0
Direct computation gives
|am,€(y)|
2 0/2 2 _ (3771;»2)0‘ 2 (Smg»ﬂ)a
cy cy cy
=1+ ——mF"—+— 1+ —— 1+ ———
< Jr(3m—|—€—1)0> ( +(3m—&—£—1)a> +(3m+€)a
<1y 2 U/2<C( )7/?
- Bm+L—1)c =2

Moreover observe |Oyam ¢(y)| < 2¢|am ¢(y)|, and thus
Byam,e(y)] < C ().
As a result,
)2 00 A ol ) = 16177720, (g W)
S H <y>_0/2 am,fayA(;zWr{LmeLz(Ri) + H <y>_‘7/2 (8yam,€) A5_2W7€lmeLz(R3_)
< (0 We Sl a5 WSl )

The proof of Lemma 4.3 is thus complete. ]

LEMMA 4.4. There exists a constant C, depending only on o, ¢, and Cy, such that
for any integers m > Ny + 1, we have

2(i=1)

2
||¢?71+1W7?1+1fm+1HLOO([O,T]; LZ(R?F))—’_ZHa?jJAi ’ gz+1Wv?z+1fm+1HL?([O,T]xRi)
j=1

3
S _2(-D) .
< CllgnWafmll e ozy; 22wy + € 2 MNAA™T5 60 W fnll o,y

j=1
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and

||32A m+1W +1fm+1HL2([o T]xR2)

S 20-1)
< 0H¢3 W3 meL‘X’([O,T]; LZ(Ri)) +CZ Ha?jA ¢§an§lfm||L2([0,T]><R?F)
j=1

+C||82A71¢21W§Lfm”L2 ([0,T]xR2 )"

Proof. In the proof we use C to denote different constants which are independent
of m. In view of the definition (2.1) of f,,, we have, observing (4.1),

H¢m+1Wm+1fm+1HLoo ([0,T); L2(R2))

H¢>m+1W£L+1aﬂﬂmeLoo ([0,T); L2(R2))

|00 A Wih 11 [0 (Oyw) fw) ] O “HLoe([OT] L2(R2))

< |3 w, +1A fm||L°°([OT] L2(R2))

+C|| ()~ B W o
< CH¢>§RW3 fm

“HLw([o T); L2(R2))
HLoo ([0,T]; L2(R2))
the last inequality using (4.9) and (4.3). Similarly, using (4.4), we can deduce that

0 0 3 1173

||ay¢m+1Wm+1fm+1HLOO([O,T]; L2(R3)) = C||ay¢mwmfm”Lw([o,T]; L2(R%))
3 1173
JrCH‘bmvvmfmHLoo([o,T]; L2(R2))
The other terms
27 —2/3
||8y / ¢m+1 +1fm+1||L°°([OT] L2(R2))’

105A™ 00 W fnt | e (0,11, L2(R2)

can be treated in the same way, thanks to (4.5) and (4.6). So we omit it here. Thus
the proof of Lemma 4.4 is complete. 0

Proof of Lemma 2.5. Observe

(14 ((Sm +2i_ 1)0) 3 g(gm +2;7 . N - jcgyf 1)J>_

20((3m+2i—1)a) <1+(3mfcey1)g>_g

_e 2cy 3
>om % (14 -—=Y ) .
=om <+<3m+e—1)o)

[ME)

Then
(4.11)
2 _ (3m+§71)a 2 _ (37n;£)0
_o cy _ o cy
1 14— > 1+ —=
(1+y) ( +(3m+£—1)a> = em ( T Bmr 1o
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Moreover, we find

(Bm+£)o
—=mrile

1+ 2y
Bm+L—1)o
_ (3’!”;[)0

= ((3m+1€—1)0) ((Bm 44 —1)o + 2cy)

_ (3m40)o

_ (3m40o _ (3m40o
2 2

- (M) 2 (B&: -ﬁ)l) ’ <3m2 fz)a)

3 ’ _ <3m;rz)a _ (SmS»Z)U
o Bm+l L2y
“\3m+L-1 Bm+ o
2 _ (3m;2)6
cy
>C(1+ ——+
>0 (14 Gss) |
which along with (4.11) gives
2 _ Bm+bHo 2 _ (B8m+e—-1)o
cy 2 - e cy p)
1+ <Cm2(1 S (14 —=HA
( T Bm+ 0o s Omz(1+y) ( T Bmtr 1o
As a result, recalling
9 _ (3m4e-1)o
2
1 _%A1/3W€_1 -1 -3 2cy 1 # 1 —lAé
(I+y) m =1+y) ze +(3m+£_1)0 (1+cy) :

we have, observing qﬁ_%qﬁfn = qﬁé(bf;l,

1,
{2 2A52¢an£zfm||L2([o,T]xR1)

< Om7 P2 (14 ) F AV AT W ol e

that is, recalling F' = A;2¢% WY fo, and f = ¢'/2A2¢5 WL £,
Hqﬁ_l/QFHL?([O,T]X]Ri) < Cma/2“ <y>_7 Al/gf“Lz([O’T]XRi)'

Moreover, using (4.3) and (4.5) we have, observing ¢!, < ¢/2¢t1,

2A—2/3 _ 2A—2/3 72 /0 L
HayA / F||L2([O,T]><]Ri) = HayA / A6 ¢memeL2([O,T]><Ri)
= CH@;A_l/?’Ag%anﬁflfmHLZQ&T]XR% + C||ayA_1/3Ag2¢£1W£z_1fm||L2([0,T]><]R2+)

+CHA_1/3Ag2¢fnw7€l_1fmHL2([O,T]xRi)

< CIOJAT 1 2oy

+C (||¢fn_1W7€z_1fm‘lLQ([O,T]XRi) + H8y¢fn_1W1ffL_1fmHL2([07T]XR2+)> .
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Then combining the above inequalities, the first estimate in Lemma 2.5 follows. The
second one can be deduced similarly. In fact, using (4.3) and (4.6) gives
341 3A—1A—2 10 17t
HayA FHL2 = HayA Aé ¢mefm

||L2 [0,T]xR3)

([0,T]xR?)
= C||83A72/3A(;2¢£1W£;1fm||L2([O,T]><]Ri) + C||8§ 2/3A5 ¢£1Wq§flfm”1:2 [0,T]xR?.)
+C Oy AT AT 81 W Fnl| 0,7y xm2
+CI AT AT hn W fonll 2 0,2y e
< ClGATF ] o go,rymzy + CHOAT F o sz
+C (||¢f{1WfflfmHLz([o,T]xRi) + Hayéf)f;flwﬁflfm||Lz([O7T]XRi)) :
This is just the second estimate in Lemma 2.5. The proof is thus complete. a0

5. Estimates of the nonlinear terms. In this section we estimate the nonlin-
ear terms Z,, ¢5 defined in (2.13), and prove the Proposition 2.3. Recall

m m—

Zm,f,é = 72 <] >A ¢77LWZ (aj fm+1 -7 Z ( >A ¢£ WZ (aj )a fm i

j=1 j=1

vt o (8] 5 (3o

o o, (2] 1,
52 (000h) WE fn + [0y + 00y, — qsf WE] fm
= Tms + A5 2 (0005, WE fn + [ud + vay 02, A2 PL WE] fms
where
m m m—1
s == (j.)Ag%ané(aﬂ ) frnt1-j — ( ) S Wh (D50)Dy
j=1 j=1

m—

~agats o, (22)] > () eoraz—ru

1
Y
1
CoA;2¢L W {a (8 w)}fm

We remark it suffices to prove the estimates (2.15) and (2.17) in Proposition 2.3,
since the esimate (2.16) can be treated exactly the same as (2.15). Next we will
proceed to prove (2.15) and (2.17) through the following Propositions 5.1 and 5.2.
Proposition 5.2 is devoted to treating the term [J, s in the definition of Z,, /s,
while the other two terms are estimated in Proposition 5.1.

To simplify the notations, we will use C to denote different constants depending
only on o, ¢, and the constants Cy, C, in Theorem 1.1, but independent of m and 4.
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PROPOSITION 5.1. We have, denoting F = A;%¢t,WE f and f =
¢1/2A5_2¢£’71W7€;1fm,
H¢1/2A§2 (at¢fn) WﬁlmeIP ([0,71xR%)
+||¢1/2[U3x + 00y — 9y, Ay ‘bl We fm||L2 ([0,T1xR2)
< mCUW”zFHLz([QT]xR? + Cll0yF | 2 0,y xr2 )

and

[A7%0,61/2A57 (Dr0r:) WfflmeLz (o)
+||A‘§8y¢1/2[u8z+v6 AP TWE |
<Ol A3 Lo zyez + 0||32A"

£2([0,T]xR%)

f||L2 [0,T]xR2 )
+mCHA%‘1571/281191’5;71‘/%71fm||L2([0,T]xm<%;) +ClA™ %¢551Wr€71fm“L2([o,T]xR1)

Proof. Tt is sufficient to prove the second estimate in Proposition 5.1, since the
treatment of the first one is similar and easier and we omit it here for brevity. Observe

|0p0 | < 3met? < 3mgl to T,

and thus

[A730,6 205 (00t ) WhT Fonl 01182

(5.1) < 3m||A_%¢_1/28y¢£@_1W£1_1fmHL2([0,T]xRi)'

We write, using (3.1),

1A750,0"2[uds + 00, — 05, A2 Wi ol 0,y

< ||[uds + v, — 7, A_%8y¢1/2A§2¢fn_1Wﬁz 1]meL2([o,T]xR3)

[ [u0s + 00, — 35, A58, AT ST W | oo 11z
def

= Q5,1 + Qs.2.

We first estimate Q51. Observe
-2 1/2 A =2 4 0—1y570—1
H[u&x, A739y0 / As= o Wy, ]mem([o,TlxRi)

< [|fuds, A™SAT2OL W1 0,)6Y 2 fonl s g0,y

—|—||[u8$, ATIASPGL [0y, Wi }¢1/2fm||L2([O,T]><]R3_)'
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On the other hand, we compute, using Lemma 3.1 and (4.4),
| [uda Af%Afd’fnleﬁflay]¢1/2fm“L2([o,T]xRi)
< || [uds, A_%A(;Z%;lwfz_l]aﬂlpfmHL2([0,T]xJR3)
—s-HA—%Angbﬁ;le;l[uam ay]‘bl/QfWHL?([o,T]xRi)
< C’|A_%A5_2¢fn_lwvfz_lay¢l/2fmHLz([o,T]xRi)
+HA7%A6_2¢£’;1W’£;1(8yu)ax¢1/2fmHL2([0,T]><R3_)
< oA A2 W 6 fl| oo 1z
AR SIWE G ol e
@A A2 W 0262 fon| 712
+| (A3 A 200 Wi, (611“)]8w¢1/2meL2([o,T]xR1)
< Clloy A3 6 Wi il o,y + CIAT 30 Wi il o o,y
O )™ B GATEHTWE ol o et
Similarly we also have, using again Lemma 3.1,

|[u0e: A3AT265 [0, WA |02

L2([0,T]xR% )
< Ol Wi fll oo 1y m
As a result, combining these inequalities, we have
[0, A~30,61205265 Wi ol o
< CHayA_%qsﬁ”b_len_lfmHL%[O,T]XR?Q + CHA_%(/)fn_IWr{L_lfmHL?([O,T]xRi)
+O|| ()™ AN S W Fonl 10z

Similarly, repeating the above arguments with u0, replaced by v9, and 8;, respec-
tively, one has

1Tvdy, A50,6"A5 200 Wi ] il s g0,y 2

< C"ajA_§¢l/2Ag2¢ﬁ;1W£w_lfmHL?([O,T}xRi) + CHA_%aﬂfn_lWﬁz_lfmHLz([o,T]xRi)
+C||A7%¢fl;1w’f€;1fm||L2([0,T]><1Rﬁ_)

and
1155, A0, W o

< CHajA_g(bl/2A5_2¢fn_1W£;1fmHLH[O,T}X]R?Q + CHA_% y¢£n_1W7€l_1meL2([O,T]><]Ri)

+OIAT3 W ol 2o,y
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As a result, we conclude, combining these inequalities,
_2 o - _
Q5,1 = || [uds + 00, — 357 A0, PN 0y W l}meB([o,T]xRi)

< Ol 4™ AT AT W | oy e

+O[|05A3 2N 20 Wi Fonl| oo,y

-2 0—1ye—1 -2 0—1ype—1
+C||0, A5 6 Wy meLZ([o,T]xRi) +C[ A5 g W fm”w([o,T]xR’j‘r)'
The term @52 can be treated similarly and easily, and we have
2 A—24 41/21A—2 f—1ypl—1
Qs = || [0y +v0y, — 07, A30,0"?] NS¢0, W, fm”w([o,T]xRi)

<C|(y)~° A%¢1/2Ag2¢£n_lwf;b_1fm||L2([0,T]><R2 )

+C[|05A3 2 A0 Wi Fonl| oo,y

+CO)| A28 W fnll 2 o ryme ) + CIAT 00 W fonl| oz -
Thus

1A=50,0"/2[ud, + v, — 3. A 6l Wi funl| o o )

S CH y —UA%¢1/2A72¢€—1wf—1fmHLZ([OT] R2+)

+CH62 _§¢1/2A ¢Z 1W£ 1meL2([OT xR2)

oA W ARl W

||L2([0,T}><1R3_) ||L2([0,T]><R3_)'

This along with (5.1) gives the second estimate in Proposition 5.1. The proof is thus
complete. O
PROPOSITION 5.2. Under the induction hypothesis (2.9), (2.10), we have, denot-
ing F = A;2¢L W fm,
1/2
H¢ /2 Ton ”Hm ([0,T]xR2)

< mCHFHB [0,T]xR2)

FOA™ O ((m — 5)1)>0F)

)

and

||A*2/33y¢1/2~7ml—175 ||L2([0,T] xR? )

< mC <‘|A_2/3A52¢£1_1W£z_1fmHLZ([O,T]xRi)

HATPO,A 6 W o1 ))

+CA™ 0 ((m = 5>

where the constant C' > 0 is independent of m and § > 0.
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We first prove the first estimate in Proposition 5.2. In view of the definition given
at the beginning of this section, we see that

||¢1/2Jm,e,é||L2([0,T]xRi) = ||‘7m""5HL2([0’T]XR3)

m

<3 () IO sl
(5.2) + : ( )HA ‘% We( )(’) fm— JHL2 ([0,7]xR2)

n ()HA 26, Wt 10, 0y10/)] (O30) 070 | 2 0 712

<.

+2|| Ay 205, W, [0y (Oyw/w)] meLz([o,T]xRi)'

And we will proceed to estimate each term on the right-hand side of (5.2), and state
the results as the following three lemmas.

LEMMA 5.3. Under the same assumption as in Proposition 2.3, we have

m—1

(Y IAT @200, sl

j=1

< mCHA(; ¢£1W£Lfm ) + CAm*G ((m _ 5)!)3(1+a) )

||L2([O,T]><R2+

Proof. We first split the summation as follows:

m—1

( > ’A 261, Wi, (030)0 y frm J||L2 ([0,T1xR2)

m—1

Z ( )|A 261 Wi (050)0y frn— JHLz (10,7]xR2 )

Jj=1

+ < >||A ¢ W, (aj )0y fm - J||L2 (l0,T]xR2)"

j=1
Moreover, as for the last term on the right-hand side, we use (4.3) to compute

(| A5 200, W, (v )ayfm—jHL?([O,T]xRﬁr)
< o Wi A3 (810)0, fmfme (10,7]xR2 )

H¢€ W, (030)y fr JHL2 [0,T]xR2 ) + Hd)é W0 (aj”)ayfmfjHL2([0,T]XR2+)
< 6 Wi (920)0y fnj | L2 (0,712 ) + 105 Win (07 0Dy frn—s | L2 (0,702 )

+H¢Z W, (0w )0y fin—j) ||L2([0,T]xR2+)'
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Thus we have

m—1
< >’A ¢€ WZ( )ayfm*jHLZ([O,T]xRi)
j=1
m—1 ]
< 3 (M)Al
j=m—2
m—3
(5.3) + ( >H¢€ WO aJ )0y fim— JHL2 ([0.T]xR2)
j=1
m—3

" (j?)||¢fnw3<ag+lv>ayfm-jHLQ([O,T]XM)

k}
=

Mw

. ( )IW W2,(020)(By 0 )| o 712 )

1

<.
Il

Next we estimate step by step the terms on the right side of (5.3).

(a) We treat in this step the first term on the right-hand side of (5.3), and prove
that

m—1
m _ .
Z <] > HA5 2¢fnwfn(agjpv)ayfm—j||L2([0,T]XR2+)
j=m-—2
64 < mOING LWLl a(oyag) + CA™ (m =570,

To do so, direct computation gives

m—1

( )‘A (be Wf(aj 8fm ]||L2 [0T><]R2)

2

3
H \

m _ . - -
< (j ) |AZ2AY3EY (1 4 )™ (00010, s | o 0

j=m-2

=

m—

m . _ _ -
< ( >H62 ?J ayfm_j)Aa 274/ (1+cy) 1¢£1‘9§;UHL2([0,T]><R1)
2

j=m—

m—1
o 2 (0t A0k ™ 0 e
j=m-—2

On the other hand, by (2.7),

m—1

m _ _ .
()00 AT (15 )™ 4,020 1k
J -2
—1

m _ _ .
=¢ (J’ > K3 +en) ™ o w0 r1xmap 145 *SmA P00 L 120 718,

m _ .
<C <j ) ||A6 2¢anZ/38ijv”L°°(]R+; L2([0,T]xRq))"
j 2



1716 WEI-XI LI, DI WU, AND CHAO-JIANG XU

Similarly, we have, by virtue of Lemma 3.1,

m—1

(5 V@05, 858 14 )™ 4,080 o 2y
Jj=m-—2

m—1

<0 3 (")l shdivlgona)
2

m ,
<C (j ) |}¢£’LA€/38§3“HLW(R+; L2([0,T]xRy))"
j 2

Thus combining these inequalities, we obtain

m—1

m _ .
(I8 020000 o s 1k

m _ .
<C (j)HA5 2¢an£/gazjc”||Loc(R+; L2(0,T]xR))

j=m—2

< CmHAg2¢ane/38;n_lv|’Lm(R+; L2([0,T]xRy))

+Cm2HA(S_Z(bf;er/BaZkQUHLw(R% L2([0,T]XR,))"
Moreover, observe

A5 268, A 302

< [JA; 2 gr APt

UHL“’(]RJr L2([0,T]xR,))

UHLOO (Ry; L2([0,T]xRy) ’A 2 NP HLoo

(Ry; L2([0,T]xRz))’
and thus
m2HA5_2¢an£/38;172

< m||A; % ¢r, AP

U||L°°(R+; L2([0,T]xR,))
”Hmo(nh; L2([0,T]xRy))
+m?|| Ay % ¢r, A Bor 8
< mHA—2¢€ A€/3am—1
+m3HA gbé am 3
+m®||A5 26,00 QUHLw(m; L2([0,T]XR,))
< m|[A52e5, AP0
+m3||¢?ﬂ—26£173’u“L°°(]R+; L2([0,T]xR,))

L T P

U||L°O(R+; L2([0,T]xRs))
v"LM(R+; L2([0,T]xR.))

UHLoo(R+; L2([0,T]xR,))
v"LOO(R+; L2([0,T]xR.))

(Ry; L2([0,T]xRe))"
Then we have, combining the above inequalities,

m—1
3 (e 045 A 14 ) 6020 sy

j=m-—2
< Oml|A; ¢, AP0
+ Cm?| ¢, 207

vHL‘X’(]RJr; L2([0,T]xR,))

vHL“(Hh_; L2([0,T]xR,))
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+ Cm?®||py, 02
< Cm|| A5 263, W
+ Cm3H¢9n_2WT%_2fm_2||L°C(R+; L2([0,T]xR,))

+ CmSH(bglflwmflfm*l||L°C(R+; L2([0,T]xRy))’

U||L°°(R+; L2([0,T]xR,))

HL°°(R+; L2([0,T]xRz))

the last inequality following from (4.8). This, along with the estimate
3| 40 0
m H¢m*2Wm*2fm*2HL°°(JR+; L2([0,T]XR,))
3] 40 0
+m H¢m—1Wm—1fm—1HLw(R+; L2([0,T]xR,))
< CA™ 8 ((m —5))°U )
due to the inductive assumption (2.9), gives the desired estimate (5.4).

(b) We will estimate in this step the second and the third terms on the right-hand
side of (5.3), and prove that

m—3
( >|¢e WO 53 )0y frn— JHL2 ([0,7]xR%)

Jj=

> N (R .

< CAmffi ((m _ 5)!)3(1+o) )
For this purpose we write, denoting by [m/2] the largest integer less than or equal to
m/2,

m—

3
( )HQM WO a]+1 ) yf'rn—jHLQ([O,T]xRﬁ_)
1

Jj=

m/2
(5.6) = g ( )W Wi (0271 0) Oy a0,y m2
m—3
+ Z (J)Hﬁbe WO 53“ )0y fm— JHL2 ([0,T1xR?)
j=[m/2]+1
=51+ Ss.

We first treat S;. Using the inequalities
(bé <¢O <¢+3¢m K WSLSWT(Y)lf‘j fOYjZL

gives
(]
S1= 3 (7)1 WAL 000 s s o
(5.7) =t
[m/2]

m
< 30 (1084522 0l oy |0

=1

<.
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By the Sobolev inequality, we have

654505 ”Hm([o,TlxRi)

< 0||¢5450™ +0|[654+502 0|

”||Loo([o,T}xR+; L2(R,)) ([0,T)xRy; L2(R,))

< C|‘¢j+2ai+1”’|Loo([o,T]xR+; L2®,)) T CH¢9+38£+QUHLN([O,T]><1R+; L2(R,))

< C||¢?+2WJQ+2fj+2||L°°([O,T]; L2(R2)) + CH¢?+SWJQ+BJCJ'+3HLoo([o;r]; L2(R2))

the second inequality using (4.1) and the last inequality following from (4.8). As a
result, we use the hypothesis of induction (2.9) and the initial hypothesis of induc-
tion (2.7) to conclude that if 4 < j < [m/2] then

||¢(J?+3ai+lv||L°C([O,T]xRi)
<C (Aj—S ((j — 3>!)3(1+a) AT (- 2)!)3(1+0'))
<CAT2((5 - 2)!)3(1+0) 7

andif 1 <j <3

”¢?+3‘9§+1”"Lw([o,T]xRi) <C.

Moreover, using (4.4) and also the inductive assumption (2.9), we calculate, for any
1<j<[m/ 2],

Hgb?n Oy frn— JHL?([O T]xR2 )
< H&, m— fm JHL2([O T]xR? ) + H¢ [ay’ Wg"b*j}fm_jHLZ([O,T]xRi)
< Hay 9n fm JHL2([0 T]xR? ) +CHQSm—jWT?“L—jfm_jHLOO([O,T], L2(R2))
< CA™I (m— j = 5))*

Putting these inequalities into (5.7) gives

(/2]
S <C Z AJ 2 (( 2)!)3(14'0) (Aij) ((m —j— 5)!)3(14-0))
e Z (Am =2 (=51 )
[m/2]

m! — 3(14o)—1 . o

+ CA™ 5 ((m — 5))20F)
[/2]
<C Z m/2 Am 7 ((m—7)! )3(1+a) Ly cgm=6 ((m — 5)! >3(1+U)
< C(m —5)A™T ((m = 7))PHIT L a6 (m - 5130
< CA™ 5 ((m — 5)1)>0+9)
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We now treat Ss. Using the inequalities

Dy < B0 < B) 00 iy, W SWD i forj>1,

and thus
m—3 m )
SZ = Z <] ) ’|¢anr?1(aajc+lv)ayfmfjHL2([07T]><R1)
[m/2
m—3
) i=#] < )H¢ 020070 e o,y 1280
(5.9) =13+t
||¢ J-‘rl J-&-l8 fm— J||L2 ([0,T)xR4; L>(Ry))
m—3
m
< Z (j ) ’|¢]Q+2WJQ+2fj+2HLOO([O,T]; L2(R2))
j=[m/2]+1
||¢ J+1 J+18 fm— J||L2([0 T]xRy; L (Ry))’

1719

the last inequality using (4.8). As for the last factor in the above inequality, we use

the Sobolev inequality, (4.1), and (4.2) to compute

H¢ J+1 ]+1a fm— JHL?([O T)xRy; L (Ry))
= CH‘bm ]+1WO a+1a fm— JHL2 ([0,T]xR2%)

+C|| G 1 Win— 41050 fin— JHL'z (0,T]xR2)

= CH‘bg%j m*jayfm*jHLZ([O,T]x]Ri) +C’H¢9n7j+1W0 g+1a O frn— JHL2 (l0,T1xR%)"

On the other hand, in view of the definition of f,,, we have

||¢Om J+1W79L 419y 0z fin— JHL2 ([0,T]xR?)

||¢’ —j1W J+1a fm— a+1||L2 ([0,7xR2)

08 W a0y O 000 (D)) [ 0 7102

H¢ —j1W J+1‘9 fm— J+1HL2 ([0,77xR2)

H o1 Wi 11 (077 w) s () fw) HLz([O,T}xRi)

+[| o5 —j+1W, g+1(8m_j“)8w8 ((Oyw)/w) HLZ([O,T]xRi)
< Cllemj 1 W, y+1a fm— J+1HL2 ([0.T]xR2 )

+C )™ b Wiy 0 JWHLz([o,T]xRi)

+O| (y i W Ja;n_ “HLz([o,T]xRi)’
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the last inequality using (4.1) and (4.2). Combining these inequalities, we conclude

H¢ J+1 J+18 fm— JHL?([O T]xR4; L2 (Ry))
< CH¢ -iW —‘8yfm—jHL2 ([0,T]xR%) +0H¢m—j+1W 7+18 fm— J+1HL2 ([0,T]xR% )
+C[| (9) " 65, o

W0y WHL2([0,T]xRi)
+C|| (y) " _-WO_-aén*j“Hp ([0.7]xE2 )
SCH&W% fm JHLZ ([0,7]xR2) +0H8y¢m j+1WT(r)lfj+1fm*j+1HL2 ((0.7)xR%)

+C’qugn—j m—jfm—ij([o,T]xRi)+0H¢m—j+1w —j+1fm— J+1||L2 ([0,T]xR% )

where the last inequality follows from (4.9) and (4.4). This, along with the inductive
assumptions (2.9), yields, if [m/2] +1<j<m—4, then

H¢ ]+1 ]+16 fm— JHL2 ([0,T]xR4; L>(Ry))
< CA™ 5 (m — 5 — 5))>IF) L cAm=i=4 ((m — j — 4)1)30F)
< CA™ I ((m — j — 4)1)>0 )

and if j = m — 3, then

H¢ —j+1W J+1a fm— JHLZ([O TIXRy; Lo(Ry)) = ¢

due to the initial hypothesis of induction (2.7). On the other hand, the inductive
assumptions (2.9) yield, for any [m/2] +1<j5<m-3,

j— 3(14o0)
[ j0+2fj+2HL°°([o,T]; L2(R})) <A -3)) '
Putting these estimates into (5.9), we have
m—4 m' 3(1 )
Se<C 3 (-9 (A (- )
i=[m/2]+1
m—3
m! g, 3(1+0)
+C ———= A3 ((j - 3)!
2 TG
m—4
m! _ . o)— . o)—
SC Y AT (g a0
]_[m/Z] +1
+CA™ S ((m — 5))* 0
m! - 3(1+0)
<C e AT (= )P CA™ S (- 5
Y A m =7 ((m = 5))
j:[m/2]+1

< C(m = 3)A™ T ((m — 7))* D7 0Am O (m — 5)1) >
< C«Am76 ((m _ 5)!)3(1+0) .
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This along with (5.8) and (5.6) yields

Z ( )W W02 000y =il 2 0,116 ) < CA™° ((m =57

Similarly, we have

m—3

Z (] ) | o5 W (0 )5yfm7jHL2([O,T]XRi) < CA™ 6 ((m — 5)1)>(1+9)

Jj=1

Then the desired estimate (5.5) follows. (c¢) It remains to prove that

m—

(5.10) Z < ) ||¢Z WO 83 )(ayarfm—j)HLZ’([O)T]XRi) < cA™6 ((m — 5)!)3(1—0—0) )

The proof is quite similar to the previous step. To do so we first write

m—3

4 0 (97 .
;( >H¢ W (040 )(ayazfmfj)HL2([0,T]><RZ+)
[/2]
S S (| CAACRICRN Py
Jj=1 o
+ Z ( )H¢e WO )(8 O fm—j HL2 ([0,T]xR2)
j=[m/2]+1
= S +5,.

For the term 51, we use
o SO0 < B b i WO S WPy for j > 2,
to obtain
[m/2]
S (") febeatie] (W20
j j+2% LOO([O,T]X]Ri) —j+1 —j+1 m—j L2([0,T]><Ri)'

Jj=1

Si

IN

Then repeating the arguments used to estimate S; and Sy in the previous step, we
can deduce that

Sy < CA™ 6 ((m —6))>F)
As for S, using the inequalities
o S O < BT B0 e W S WD, for j > 2,

gives

m—3

~ m .
S2 Z (j ) H¢2+18§CUHL°°([O,T]><R+; L2(R,))
j= [m/2] +1

IN

x| &t —j+2Win— 20y O fin— J’|L2(OT]><R+, Lo (Ry))"
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Then repeating the arguments used to estimate S5 in the previous step, we have
Sy < CA™ 6 ((m —5))>1+)

This along with the estimate on S; yields (5.10). Finally, combining (5.3), (5.4), (5.5)
and (5.10) gives the desired estimate in Lemma 5.3, and thus we have that the proof is
complete. 0

LEMMA 5.4. Under the same assumption as in Proposition 2.3, we have

m

. |
> (j ) 1526 WA 08) fm | 1

j=1
m—1
+ Z (Tjn) ||A§2¢f§1me [0y (Oyw/w)] (agv)(a;n_ju)|‘L2([0,T]><Ri)
j=1

< mCHAEQ(?’QLWmeHL?([O,T]xRﬁr) + A6 ((m — 5)1)P0F)

The proof of this lemma is quite similar to Lemma 5.3, so we omit it.

LEMMA 5.5. Under the same assumption as in Proposition 2.3, we have
2|‘A6_2¢fnwﬁz [0y (9yw)/w)] meL2([O,T]><]R3_) = CHA5_2 anﬁlmeLz([O,T}xRﬁ_)'
Proof. This is just a direct verification. Indeed, Lemma 3.1 gives
1452685 19y (@) /) Fon 172
< (119 ((By) /)] AF* 81 Wi | L2 (0,27 22 )
+[ [0y (Byw)/w), AEQerm]‘ﬁfnmeH([o,T]xRi)

= C||A6_2¢£1W£Lfm||L2([O,T]><R2+)'

Then the desired estimate follows and thus the proof of Lemma 5.5 is complete. 0O

Proof of Proposition 5.2. In view of (5.2), we combine the estimates in Lemmas
5.3-5.5, to get the first estimate in Proposition 5.2. The second one can be treated
quite similarly and the main difference is that additionally we will use here the induc-
tive estimates on the terms of the following form,

|0ZA~2/360W 0 f; 6<j<m,

HL?([O,T]xRi)’
while in the proof of Lemma 5.3, we only used the estimates on the following two
forms

”(b?WJQfJ"LOO([O,T]; L2(R2))’ Hay¢?WJijHL%[O,T]xRi)’ 6=j=m.

So we omit the treatment of the second estimate for brevity, and thus the proof of
Proposition 5.2 is complete. ]

Completeness of the proof of Proposition 2.3. The estimates (2.15) follow
from the combination of Propostion 5.1 and the first estimate in Proposition 5.2,
while the estimate (2.17) in Proposition 2.3 follows from Propostion 5.1 and the
second estimate in Proposition 5.2. The treatment of (2.16) is exactly the same as
(2.15). The proof of Proposition 2.3 is thus complete. d
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6. Appendix. Here we deduce the equation fulfilled by f,, (cf. [21]). Recall
that

Fon = 0w — D gmy > 1,
w

where u is a smooth solution to the Prandtl equation (1.1) and w = dyu. We will
verify that

(61) atfm”"uaxfm‘i’vayfm*agfm :Zm,

where

Z,=-Y () @) fwsrs - b (7)) @)@,

j=1 j=1
m—1
- ()] Z (e[ (52)]
To do so, we first notice that
(6.2) Up + UUy + VUy — Uyy =0
and

W+ UWy + VWy — Wyy = 0.
Thus by Leibniz’s formula, 0'u, 07w satisfy, respectively, the following equations:

0,01 + udp O u + v, O U — D20 U

:—Z< ) )07 i(aiv)(ayafju)
f:( ) )@y mzl 010) (9,0 u) — (9 0) (D)

j=1 Jj=1
and

00w + ud, O w + v, I — D2 w

o Z( ) )OI+ 1) ijl(aﬂ )@
Z( ) @mit1w) - 721(6]' )(@,00 ) — (O 0)(0,)

In order to eliminate the last terms on the right sides of the above two equations, we
observe dyu = w > 0 and thus multiply (6.3) by faz)w, and then add the resulting

equation to (6.4); this gives

07 0)
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where

o E (s (Do

Y —

m

+ (at (ay“’> + ud, <a”“) + 00, (8”“) — (8”“» amy
w w w w

On the other hand we notice that
() oo () e () ()
_1 (8t8yw + U0y Oyw + vy yw — B20,w)
—3— (Ohw + udyww + vy — D2w) + ay“’ay (853“’)

w w w

Therefore we have

Z()aufm+1] m:() )( By fn—1)

j=1 j=

[ ( )]m 1(?)(8£v)(6?‘ju)+(6§u)fl

1()aufm+u S (Mo

P E Gorr-ofa ()]

Next we will give the boundary value of 9y fy, and O frn, — 85 fm- In view of (6.2),
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we infer, recalling u|,—¢ = v|y=0 = 0,
— 92 —
3yw|y:0 = ayu|y:o =0.

As a result, observing

Oy fm = 00w — [ay (ay“’)] o — <ai)”> 8,0 u,

we have

(6.5) By Fmly=o = 0.

Oyw
Zulyeo =2 |3 ()| 1o,y

Direct verification shows

and thus

(6.6) (Ocfm — a;fm) ly=0 = Zm|y=0 = —2 [ay (%")} n

due to the equation fulfilled by f,,.
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